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Abstract. For a £ (1, 2) we prove that the initial-value problem 

\dtu + D a d x u + d x {u 2 /2) = on R x x Kt; 
t «(0) = <t>, 

is globally well-posed in the space of real-valued L 2 -functions. We use a fre- 
quency dependent renormalization method to control the strong low-high fre- 
quency interactions. 
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1. Introduction 

In this paper we consider the initial- value problem for the Benjamin-Ono equa- 
tion with generalized dispersion 

id t u + D a O x u + d x (u 2 /2) = on R x x R t ; 

\«(O) = 0, l ' j 

where a G (1,2), and D a denotes the operator defined by the Fourier multiplier 
£ ~~ * l£| Q - Let H° = H°(M.), a £ [0, oo), denote the space of real-valued functions cf> 
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with the usual Sobolev norm 

= \\<pu° = \\(i+\er /2 mhi 

Let — n (T6 z + iJ^ r with the induced metric. Suitable solutions of (jl.ip satisfy 
the L 2 conservation law: if T x < T 2 £ R and u £ C((T 1 ,T 2 ) : H™) is a solution of 
the equation d t u + D a d x u + d x {u 2 /2) = on M x {T X ,T 2 ) then 

||u(ti)||flj = \\u{t 2 )\\ H o for any t u t 2 € (T U T 2 ). (1.2) 

Our main theorem concerns the global well-posedness in H® of the initial-value 
problem 

Theorem 1.1. (a) Assume (f> € . Then there is a unique global solution 

u = S°°(<f>) GC(R: H?) 

of the initial-value problem p. ID . 

(b) Assume T £ M + . Then the mapping 

= l ( _ rjr) (i) • S°° : -» C((-T,T) : H?) 

extends uniquely to a continuous mapping 

S° T : C((-T,T) : H?), 

and 

\\S%(cf>)(t)\\ HOr = \\4>\\h° for anyte (— T,T). 

One-dimensional models such as f)l . 1 [) have been studied extensively. The case 
a = 2 corresponds to the KdV equation, while the case a = 1 corresponds to 
the Benjamin-Ono equation. Global well-posedness in is known in both of 
these cases, see [1] and [10] respectively. Other local and global well-posedness 
results for (jl.ip in Sobolev spaces H£ have been obtained by several authors, see 
d3[Tg Hainan for the KdV case a = 2, and |Eg E21 021 H31 E5] for the Benjamin- 
Ono case a = 1. 

The dispersion generalized model (jl.ip has also been analyzed in the literature, 
see for example [T5l [5) [20l [9j [8] . For example, local well-posedness in Sobolev spaces 
H S (R) for s > — 3/4(a— 1), and global well-posedness in H^(R) in the range s > 0, 
has been shown by the first author [9] under an additional low frequency constraint 
on the initial data. Without this low frequency constraint, the Sobolev index for 
local well-posedness has been pushed down to s > 2 — a by Z. Guo in [5], using the 
method of [12]. 

The nonlinearity of the dispersion generalized Benjamin-Ono equation (jl.ip is 
too strong to allow a direct perturbative argument (without a low frequency con- 
straint) since the flow map is not locally uniformly continuous in i/, s (IR), s > 0. 
Problems with this feature have attracted considerable interest in recent years. It 
is not difficult to see the reason for this failure at the hand of the model problem 

V t + vv x = 0, 

see [HI p. 2]. Given a solution v we obtain the family of solutions 

v c (t,x):=v(t,x-ct)+c, cel. (1.3) 

If v(0, x) is of high frequency, the constant c (the low frequency part) induces a 
spatial shift of the high frequency part and the lack of uniform dependence on 
the initial data becomes evident. The construction of smooth, square-integrable 
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analogs of (11. 3p for has been caried out in [19] in detail in the case a = 1, 

see also [21] . We notice that the failure of uniform continuity is irrespective of the 
regularity assumption which is imposed on the initial data. 

Tao has interpreted this phenomenon for the Benjamin-Ono equation as a gauge 
change, which opened the path to the satisfactory well-posedness result in [10] for 
the Benjamin-Ono equation, i.e. the case a = 1. There the gauge change can 
be undone by a multiplication of projection to positive frequencies of the solution 
by a function e 1 ^ . The linear part reduces to a Schrodinger equation for positive 
frequencies, and commuting e 1 ^ by the Schrodinger equation leads to a drift term 
which balances the worst low-high interaction 



^low^r^high 

of the quadratic part. 

The same ideas show that one encounters a pseudo-differential gauge transform 
for the dispersion generalized Benjamin-Ono equation (|1.1[) . We do not pursue this 
pseudo-differential point of view, but it is advisable to keep it in mind. Instead 
we decompose the solution into small frequency bands of size y/~\ at frequency A. 
At this frequency scale the gauge change is essentially a multiplication by a purely 
imaginary phase function. We carry out bilinear estimates for these frequency 
bands and study the effect of the gauge transform. This is technical and painful. 
The main contribution of this paper is the demonstration that this circle of ideas 
can be carried through for a non trivial example. The phenomenon described 
above will most likely be encountered at other problems as well. Gaining a general 
understanding of it seems to be desirable and this is our aim. 

The rest of the paper is organized as follows: in sectionfSlwe reduce Theorem ll.il 
to proving several apriori bounds on smooth solutions, and differences of smooth 
solutions, of the equation (|1.1[) . on bounded time intervals. This reduction relies 
on energy- type estimates. 

In section [3] we construct our main renormalization, which is the key step to 
further reducing the problem to perturbative analysis. After subtracting the low 
frequency component of the solution, which is essentially left unchanged by the 
evolution due to the null structure of the nonlinearity, we further decompose the 
solution into frequency blocks and multiply each frequency block by a suitable 
bounded factor. This renormalization leads to an infinite system of coupled equa- 
tions satisfied by the frequency blocks. A similar construction was used by two 
of the authors in [10] for the Benjamin-Ono equation. However, in our situation, 
we need to renormalize each frequency block by a different factor, which leads to 
substantial technical difficulties in the perturbative analysis. 

In section|4]we define our main normed spaces, and show that the main theorem 
can be reduced to proving the nonlinear estimates in Proposition 14.31 

The remaining sections are concerned with the proof of Proposition 14.31 We 
prove first frequency-localized bilinear estimates, see sections [3] and [5] Then we 
prove frequency-localized linear estimates on operators defined by multiplication 
by smooth bounded factors, see section and frequency-localized commutator 
estimates, see section [9] Finally, we put all these estimates together in section [8] 
and [lOl to complete the proof of Proposition ^. 31 
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2. Reduction to a priori estimates 
We recall first a standard local well-posedness theorem: 

Proposition 2.1. Assume 4> € . Then there is T = T(||^|| ff 2) <E (0, 1] and a 

unique solution u — S^?(4>) € C((— T, T) : H^°) of the initial-value problem 

d t u + D a d x u + d x {u 2 /2) = onR x x (— T, T); 
u(0) = f 1 J 

In addition, for any a > 2, 

sup ||u(t)||fl-«r < C(ct, sup ||u(t)||ff2). 

te(-T.T) t£(~T,T) 

Most of the paper is concerned with proving suitable a priori estimates on the 
solutions constructed in Proposition I2.il For Theorem If. II (a) we need the 
following estimate: 

Proposition 2.2. There is a constant £o = so(a) > with the property that if 

re (o,i], 4>eH™, 

\\4>\\HO<e , (2.2) 
and u = S%?(4>) e C((— T, T) : is a solution of the initial-value problem (|2.1| . 

sup ||u(t)|| H 2 <C||0|| H 2. (2.3) 
te(-r,r) 

Theorem 11.11 (a) follows easily from Proposition 12.21 by scaling (i.e. replace cj> 
by <f>\(x) = \ a <f)(\x) and u by u\{x, t) = \ a u(\x, X a+1 t), A <C 1) it suffices to 
prove Theorem 11.11 (a) for <j> € with ||</>||ho < e$. Using Proposition 12.11 and 
Proposition 12. 2\ we can construct the solution S^°(4>) £ C((— 1,1) : H£°). Finally, 
we use the conservation law (|1.2p to extend the solution to the entire real line. 

To prove Theorem ll.il (b) we need an additional estimate on differences of solu- 
tions. For any e and N e [l,oo) let (j) N = J 7 ' 1 ^) ■ 1[-n,n]{0] G H ™ ■ 

Proposition 2.3. Assume N E [2, oo), 4> € H™, and \\((>\\h° < £o (see (|2.2jl ). 
T/ien 

sup ^(^(tJ-S^^JWIIflj^CII^-^ll^. (2.4) 
*e(-i,i) 

We show now that Proposition 12.21 and Proposition 12.31 imply Theorem 11.11 (b) . 
Assume <fi € is fixed, 

n € H™ and lim <f> n = in H° . 

n — ►oo 

For Thcorcm ll.il (b) it suffices to prove that the sequence Stj?((/> n ) e C{{— T,T) : 
H%°) is a Cauchy sequence in C((—T, T) : H®). By scaling, we may assume ||0|| #o < 
So/ 2. Using the conservation law (| 1 . 2fl it suffices to prove that for any 5 > there 
is Ms such that 

sup \\S°°((t> m )(t) - S°°(<pn)(t)\\Ho < S for any m,n > M s . (2.5) 
te(-i,i) 

We observe now that \\<f> n — ||jjo < ||0 — ||ho + ||0 — 4> n \\H°- Thus we can fix 
N = N(8, 0) > 2 and Mj such that ||0„ - ($\\ui< S/(1C) and^^H < e for any 



A PARA-DIFFERENTIAL RENORMALIZATION TECHNIQUE 



5 



n > Mg, where C is the constant in (12. 4| . Thus, using (12. 4p . 

sup \\S°°{<t> n ){t) - S°°(<t>%)(t)\\ H a < 6/4 for any n > Mg. (2.6) 
*e(-i,i) 



It remains to estimate 



sup ||S~(<)(i)-S~(C)(i)lk°- 
te(-i.i) 

Using standard energy estimates for the difference equation, we have 

sup \\S°°(^)(t)-S°°(^)(t)\\ H o 
te(-M) 



< Hn - K\\b? ■ ex P (C j i + ||^(^(^))(t)||^ A 

< \\<p n -<t> m \\ Hr exp(c sup [ll^ 00 ^)^)!^^^ 00 ^)^)!!^ 

v tel-i,i) 



Using Proposition 12.21 it follows that 



sup ||S~«)(*)-5 00 (C)(*)lk 

t€(-l,l) 



(cin^iifl. + IICM) ( 2 - 7 ) 

ff o -cxp^iV 2 ). 



The bound ((2T5j> follows from (J2HJ) and (j2Jj) . 

This completes the proof of Theorem 11.11 The rest of the paper is concerned 
with proving Proposition 12.21 and Proposition ^. 31 

3. The main renormalization 

The initial-value problem (II. 1|) cannot be analyzed perturbatively, due to the 
strong interactions between very low and high frequencies. In this section we con- 
struct a para-differential renormalization which allows us to recover information 
about the solution u of (|1.1| indirectly, by analyzing perturbatively a system of 
equations satisfied by suitably renormalized frequency components of u, see ()3.15p 
and (|3~16l) . 

Assume in this section that T € (0, 1] and u 6 C((—T,T) : H^°) is a solution of 
the initial-value problem 

fd t u + D a d x u + d x (v?/2) = 0onR x x (— T, T); 

Ho) = 0. (3 - 1} 

Assume, in addition, that ||</>||ijo < £q, for some sufficiently small constant £o 

(compare with ([212])). Let 0i ow = J" _1 [0(^) • l[_i/2,i/2](£)] <= and ^high = 
— <frow Let w(x,t) = u(x,t) — 0i ow (x), so 

id t v + D a d x v + 0i ow ■ d x v = -d x {v 2 /2) - v ■ d x <pi ow - D a d x tp\ ov , - d x (<f>f ow /2); 
\v(0) = 0hi g h- 

(3.2) 

on R x x (— T, T). 
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We fix the increasing sequence {nk}kez 

{1/2 
n = 0, ni = 4, n k+1 = n k + n k ' for k = 1, 2, . . . ; ^ ^ 

n_ fe = -ra fc for k = 1,2, 

Clearly, |nfe| ss |fc| 2 for |fc| > 1. We fix also smooth functions : R — > [0, 1], k E Z, 
Xfe supported in [(2n k -i + n k )/3, (2n k+ i + n k )/3] such that 

|9fXfe| < C(l + KIT" 72 for any £; e Z and a = 0,1,2. 

For fc G Z let 

4 = [(5n fe _i + n fe )/6, (5n fc+i + n fe )/6]. (3.5) 

Let Pfe and P&, fc e Z, denote the operators defined by the Fourier multipliers \k 
and l/ t respectively. 

We apply the operators P k , /c G Z \ {0}, to the identity (|3 . 2[) ; the result is 

id t (P k v) + D a d x (P k v) + low • d x {P k v) = E k on R x x (-T, T); 
\(Pt«)(0)=P fe (^ high ), 

where 

E k = [0i ow • d x {P k v) - P fc (0iow • - P k d x (v 2 /2) - P k {v ■ d x cf> low ). (3.7) 
We apply also the operator Po to the identity <\3.2\i ; the result is 

(d t (P v) + D a d x (P v) = R on R x x (— T, T); 
\(P o u)(0) =P o (0high), 

where 

Po=-PoWiow9^)-Po^(« 2 /2) , 

(3 9) 

- Po(« • c^ low ) - D a d x P (M ~ P Q d x {4> 2 low /2). 

We define the smooth function VP : M — > R as the anti-derivative of ^io W > 

^r'(x) = 4>i ow (x) and *(0) - 0. (3.10) 

For k E Z \ {0} we define the functions 

v k {x,t) = P k (v)(x, t) ■ e - ia «*W W here a k = -n k \n k \- a /(a + 1). (3.11) 

We substitute the identity P k (v) — e lak ^v k into (|3.6[) : the result is 

e m ^d t v k + e ia **D a d x (v k ) + (a + l)D a v k ■ {ia k Vy a «* + <f> low e ia **d x (v k ) = E' k 

(3.12) 

where 

E' k = [e ia **D a d x (v k ) + (a + l)D a v k ■ {ia k V)e la ^ ~ D<* d x {e ia »* v k )] 
+ E k - fr ow (ia k y'y a ^ -v k . 

We multiply 13 . 12[) by e~ Wfc *. Using the definition (|3.11j) of the coefficients a k , it 
follows that 

id t v k + D a d x (v k ) = R k on R x x (— T, T); J3 
1w fc (0) =e-^-*-P fc (0 high ), 
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where 

R k =-e- la ^P k d x {v 2 /2) 

- <f>iow[dxVk ~ D a v k ■ (in k \n k \~ a )} 

- [e- ia «*D a d x (e ia **v k ) - D a d x (v k ) -(a + l)D a v k ■ (to**')] (3.14) 



e 



[Pk(4>iow ■ d x v) - (/now ■ d x {P k v)} 



- [ia k (pi ovt -v k + e mfc *P fc (i; • d x <kow)]- 

To summarize, given a solution u G C((— T, T) : H£°) of the initial- value problem 
(|3.ip we constructed functions v k £ C((—T,T) : H°°), k £ Z, which solve the 
initial-value problems 



a t w fc + D a d x (v k ) = R k on R x x (— T, T) 
« fc (0) = e-* *'* • -Pfe(^high), 



* ,,. (3-15) 



where, for simplicity of notation, a = 0. The functions R k S C((— T, T) : are 
defined in p.9p for fc = 0, and p,14p for fc 7^ 0. In addition, u = v + <fi\ ow , 

v = ^2 e iafc *«fc, and v k = e^"** ? k {e iakW v k ) for any fc G Z. (3.16) 



4. Proof of the main theorem 

The rest of the argument is based on perturbative analysis of the system of 
equations (|3.15p . for fixed 4>\ ovr . In this section we define our main normed spaces 
used for this perturbative analysis and show how to reduce Propositions 12.21 and 
12.31 to the more technical Proposition 14.31 below. Proposition 14.31 will be proved in 
the remaining sections of the paper. 

The normed spaces constructed in this section are very similar to those used by 
two of the authors in [10] for the analysis of the Benjamin-Ono equation. However, 
our spaces are adapted to the frequency intervals I k constructed in section[3j instead 
of dyadic intervals, since they are used to measure the components v k and their 
renormalizations. 

Let 770 : R — > [0, 1] denote an even smooth function supported in [—8/5, 8/5] and 
equal to 1 in [-5/4,5/4]. For k £ {1,2,...} let T) k (u) = m{v/2 k ) - ■q {v/2 k - 1 ). 
For k £ Z let rj k {v) = r) {v/2 k ) - r l0 (v/2 k - 1 ). We define the sets J = [-2,2], 
J k = {v £ R : \v\ £ [2 k -\2 k+1 ], k = 1, 2, . . ., and J k = {v £ R : \v\ £ [2 k ~ l , 2 k + 1 ], 
k £ Z. For (el let 

w(o = -m a - (4.1) 

Recall the sequence n k , the functions \k, and the intervals I k , k € Z, defined 
in ![3~3 ]H l3"3 ]) . We fix 5 = {a - 1)/100 G (0, 1/100). We define the normed spaces 
Z k = Z k (M x R), k £ Z: for \k\ > 1 (high frequencies) we define 

Z k ={f ^ L 2 : f supported in 4xR and 

\\f\\ Zh =f22 j/2 P kl M(r-^(0)m,r)\\ Llr <oo}, (4 ' 2) 
3=0 



where 



/3 M = i + (27Kr +i ) 1 / 2 - 5 . 



(4.3) 
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Notice that 2^ 2 Pk,j ~ 2^ 1 ~ s ^ when k is small. For k = (low frequencies) we 
define 

Xq = {/ e L 2 : f supported in Iq x R and 

00 2 f4 41 

j—0 k' — — oc 

and 

Yb = {/ € L 2 : / supported in 7 x E and 

||/||r =£2^- 5 )||J- 1 fe(r)/(e,T)]|| iii? <oo}. (4 - 5) 
j'=o 

Finally, we define 

Z = X + F . (4.6) 

The normed spaces fe € Z, are our main spaces of functions defined in the 
Fourier space. They are similar to the spaces used in |10j . but slightly simpler (we 
do not need the spaces for \k\ > 1, compare to [TUl Section 3], since the local 
smoothing phenomenon is not essential if a > 1). 

For cr € [0, 00) we define the normed spaces H" = H"(R), F a =F'(Kxi), and 
N CT = N°(Kxl). We define first 

^ = {^ff°°: \\4>\\%. = llxo^)||| + E (! + I^D 2ff < °°}, 

\k\>l 



\ Bo = inf \\F-\g)\W+ ]T 2" V ||WMU». 

fc — — OC 



Then we define 

F ff = {it e C(R : # ff ) : it supported in R x x [-4, 4] 

and |M| 2 „ = J](l + \n k \) 2a \\P k uf Fk < 00 

fcez 

where \\P k u\\ Fk = ||xife(0 •^ 7 («)lk fc } ! 

and 

N CT = ju € C(R : H a ) : u supported in R x x [-4,4] 

and Hull?,. = + |n fc |) 2<r ||i\«||^ < 00 

fcez 

where ||i\u||jv» = \\xk{Z)(r - + ■ ^(«)lk }■ 
Finally, for any T' e (0, 1], a G [0, 2] and / e C((-T',T') : J ff CT ) we define 



(4.7) 



(4.8) 



(4.9) 



and 



If-(t') = _ inf WflW" 

f=f in Rx(-T',T') 



II/IIn-(t') = _ inf II/IIn" 

/=/ inRx(-T',T') 
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It follows easily from the definitions that 

sup||u(t)||^ <C|M| F * (4.10) 

teR 

if a G [0, 2] and u G F CT , see [10[ Lemma 4.2] for a similar proof. Thus F a ^> C(R : 
H a ). 

For any u G C(R : L 2 ) let u(.,t) G C(R : L 2 ) denote its partial Fourier transform 
with respect to the variable x. For G let FF(i)0 G C(R : denote the 

solution of the free evolution given by 

[W(t)ct>]~(Z,t) = e it »^(0, (4-11) 

where w(£) is dehned in (|4.1jl . We record first an — > F ' homogeneous linear 
estimate. 

Proposition 4.1. 7/cr G [0,2] ant! (f> e H a then 

||l(_i,i)(t)- W*Mlli~(i)<C||fe. (4.12) 

See, for example, |10l Lemma 5.1] for a similar proof. We need also an inhomo- 
geneous N CT — * F CT linear estimate, see, for example, QUI Lemma 5.2] for a similar 
proof. 

Proposition 4.2. If <r E [0,2], T G (0, 1], and u G N CT (T) i/iera 

JF(i- s)(u(s))ds <C||d| N< rm. 

F"(T) k ; 

In the rest of this section we use the notation in section [3J In particular, given 
a solution u £ C((-T,T) : H™), T £ (0, 1], of the initial-value problem (EU) with 
ll<^lli/° < £o, we constructed the functions Vk G C((— T, T) : -ff°°), fc G Z, which 
solve the equations 

fdtufe +Z> a 9 x (u fe ) = on R x x (— T, T); 
\« fc (0) =e-^-*-P fc (0 high ). 

Here i? fc G C((-T,T) : H°°), k G Z, are as in ((HSJ) and IpTTijl . and a fc are defined 
in (|3.11j) . Assume also that w' € C((—T,T) : i?j?°) is a solution of the initial- value 
problem 

idtu' + D a d x u' + d x (u' 2 /2) = on R x x (— T, T); 
\«'(0)=^. 
Assume, in addition, that 

II <£' || ho < £ and $ ow = </> low , (4.14) 

where, as in section^ 0( ow = J r ~ 1 ['?'(C) ' 1 [-1/2,1/2] (£)]■ Let "fc> ™fc, a k , * be 
defined as in section [3J so 

fa t < +D«d x (v> k ) = # fc on R x x (— T, T); 
\<(0)=e-»»-».fl b (^ h ). 

Our main proposition concerning the nonlinearities Rk and R' k is the following: 
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Proposition 4.3. (a) For any a £ [0,2] 

E II^IIn-(t) < °°- 

fcez 

In addition, the mapping TV : (0, T] — + [0, oo), 

M(T') = J2\\Rk\\ 2 ^ {T , ) 

fcez 

is continuous and increasing on the interval (0, T] and 

Urn Af(T') = 0. 

(b) Assume a G [0, 2] and T' G [0, T]. Then 

E II^IIn^(T') < C(E IKIIf*(T'))(E IMIf°(T') + *o) + CU\\ 2 H „. (4.16) 

fcez fcez fcez 

In addition, 

EH^-^IIno(t') <c(Eii^-^IIfo(t'))(E(II^Hf«(t') + II4IIfo(t'))+£o)- 

fcez fcez fcez 

(4.17) 

The proof of Proposition 14. 31 will cover sections I5HT01 In the rest of this section 
we show how to use this proposition to complete the proof of Theorem 11.11 

Proof of Provosition \2. c 2[ It follows easily from the definitions that for a G [0, 2] 

E ll e_< °*'* • WwsiOIII* < Cll^ighH^. (4.18) 

fcez 

See also [TUl LemmalO.l] for a similar proof. Using Propositions 14.11 and (|4.2p and 
the equations (j4~T5|) it follows that for any a € [0, 2] and T G (0, T] 

E iKiil-cr') < cii^highii^ + cE ii^Hn"(t')- ( 4 - 19 ) 

fcez fcez 

We set o~ — and combine (I4.19P and (|4.16|) : it follows that 

N{T') < C{el+N{T')f + Cel. 

Using Proposition S3] (a) it follows that TV(T') < Ce% for any V € (0, T], provided 
that the constant eo is taken sufficiently small. In particular 

N°(T) - ^ e 0- 

fcez 

It follows from P~l"g|) with a = that 

EIMf°(t)<<?4 (4-20) 

fcez 

Thus, using (|4~T6|) with cr = 2 

E PfciiW) ^ Ce o(E KiH-m) + cii^iiipi. 

fcez fcez 
Using P"!*?]) with cr = 2 it follows that 

EINIf*(t) < C'U\\h2 + Ce 2 (Y,\\vk\\ 2 F 2 (T) ), 

fcez fcez 
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therefore, assuming £o sufficiently small, 

X>*IIf»(t) <cu\\ 2 h2 . 

fcez 

Using (|4TT0|) it follows that for any t e (— T, T) 

J2WMt)\\% 2 <CU\\h- (4-21) 

fcez 

We use now (|3.16j) 

u = 0iow + eia "^ v k, and «fe = e-' la ^P k (e lak ^v k ) for any fc G Z. 

fcez 

to prove a bound on u. For any t € (— T, T) we have, using (|4.21[) . 

Ht)\\h < CH0iow||^ +Cj2\\Pk(e iak *Mt))\\%* 

fcez 

low 1 1 H 2 ff 2 • 

fcez 

This completes the proof of Proposition 12.21 □ 

Proof of Provosition \2.3[ Let <fi' = <p N , so (|4. 14[) is verified, and subtract equations 
(|4~T5f and (|413| . The result is 

fd t « - v k ) + D a d x (v' k - v k ) = R' k - R k on R x x (— T,T); 
\K - «*)(0) = e"***-* • W - ^)high). 
Using (|4. 18|) we have 

£ 11^'* ■ W - ^)hi g h)||| < <W - ^)hi g h|| 2 ff o. 
fcez 

Using Proposition 14.11 and 14.21 it follows that 

fcez fcez 
Using (|4"T7|) with T' = T and lfO0|) , 

E ll-^fc ~ ^IInO(T) - IK _ U fclll°(T)- 

fcez fcez 
It follows from the last two inequalities that 

£K-^H!°(t) <qi0'-0|| 2 L2 , 

fceZ 

provided that £o is sufficiently small. Using (|4. 10[) it follows that 

£K(*) -«*(*)!& <C||0'-0|| 2 L2 (4.22) 
fcez 

for any i e (— T, T). As in the proof of Proposition 12. 2[ it follows from (14.22j) and 
(|3.16p that — u(t)||^ 2 < C||<£' — <j)\\ 2 L 2 1 which completes the proof of Proposition 

1231 □ 

In view of the results in section^ the main theorem follows from Propositions 
12.21 and 12.31 Thus it remains to prove Proposition ^. 31 which is the goal of the rest 
of the paper. 
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5. Localized L 1 estimates 

In this section we prove the localized L 2 estimates in Corollary 15.21 These 
estimates are similar to the estimates proved in [TU1 Section 6] in the study of the 
Benjamin-Ono equation. More general L 2 estimates of this type can be found in 
[25]. 

For £i,£ 2 £ R let 

6) = + 6) + + (5.1) 

where, as before, = — £|£| Q - For compactly supported functions f,g,h £ 

L 2 (R x R) let 

J(f,9,h) = [ /(6,Ml)5(6,M2)/i(a+6,Mi + M2 + fi(6,6))^lrf6^lrfM2- (5.2) 

Given a triplet of real numbers (ai, 0:2, 0:3) let min (ai, a 2 , ct^), max a2, 0:3), 
and med (ai, a2, 03) denote the minimum, the maximum, and the median (more 
precisely, med (ai, 0*2, 0:3) = ot\ + a 2 + 0^3 — max (at, a>2, 0.3) — min (at, 02, 0-3)) of 
the numbers ai, a?2, and 03. We define the sets U k , k £ 1, 

f C/fe = S R : £ [(5n*_i + n*)/6, (5n fe+1 + n fe )/6]} if fe e [1, 00) n Z; 
I U k = {v £ R : e [2 fe+1 ,2 fe+3 ]} if fee (-oo,0]nZ. 

(5.3) 

Clearly U k = I k U I- k if fc > 1 and C/ fe = J fc+2 if fc < 0. For k l7 k 2 ,k 3 £Z let 

d a (kt,k 2 ;k 3 ) = inf{||&| a - |6| Q | : G E4 l; 6 € C4 2 ,6+6 € t4 ; J- (5-4) 

Lemma 5.1. Assume fei,fe2,fe3 € Z, jt,j2>33 € Z + , and /£' € L 2 (R x R) are 
functions supported in U ki x Jj i; i = 1,2,3. 
fa,) For any k\,k 2 , k 3 £ Z and jt,j2,j3 £ Z + , 

I^C^'^/^,/^)! < C m i n (|C/ fcl |, |C/ fc2 |, |C/ fc3 |) 1/2 2 min( ^^^> /2 n ||/^||^. (5.5) 

i=l 

f&j Assume that {«i, 22,23} is a permutation of {1,2, 3}. T/ien 

|^(/^, /g, /Ipl < C2^+^+i3)/2 [2 ^d ce (A ; , i , fc i2 ; fc^)]" 1 ^ (5.6) 
(c) For any kt,k 2 ,k 3 £Z and jt,h,h G Z + . 

3 

\Aftftfil)\ < C2» ta «^^)/ 2 + mcd ^^^)/4 JJ||/J;|| L2 . (5.7) 

i=l 

r iV2 
Proof of Lemma\5J± Let A fci (f) = J R |/£(£,m)| 2 ^ , i = 1,2,3. Using the 

Holder inequality and the support properties of the functions /£* , 

\J(ftftfil)\ < GP^^^J A kl (Zt)A k2 (t2)A k3 (a +6)^1^2 

3 (5.8) 

t=i 

which is part (a). 
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For part (b), using simple changes of variables and the fact that u> is odd, 

\J(f,g,h)\ = \J(g,f,h)\ and \J(f,g,h)\ = \J{J,h l9 % (5.9) 

where /(£, //) = /(— £,—//). Thus, by symmetry, in proving (|5 .6(1 we may assume 
that i\ = 1, %2 = 2, and 13 = 3. Let 

r 1 f 1 1 / 2 
BkMti = [-^f 2 / 2 /i + « + /9)| 2 (1 + «/2 J1 )- 2 (l + /3/2^ 2 )- 2 dad/3 



Clearly, 



-Bfcslks = C||/£I|l 2 and £fc 3 is supported in E4 3 x K. (5.10) 



Also, using Holder's inequality, 

\J(fki' /fa' /fa) I 

< C2 {h+h)/2 r ^ l K 1 )A te (&)B fc3 (c 1 +6 > n(e 1 ,6))deidSa 

r /" n 1/2 

< c . 2 a 1 + J2 )/2p fei || L2 || j4fc2 || i2 / |s fe3 (a+6^(a,6))l 2 rf6^2 • 

l JU kl xU k2 J 

(5.11) 

Thus, for (|5.6p . it suffices to prove that 

r 1 1/2 

/ |B*,(£i + 6,n(&,6))l a deid& <CK(fc 1 ,fc 2 ;fc 3 )]- 1 / 2 || J B fc3 || L2 . 

'U kl xU k2 J 

(5.12) 

Let B£ 3 (£,//) = Bfca(e,-w(0 \\B' k3 \\L* = H-BfalU 2 , 5£ 3 supported in U ka x M. 

For (|5.12p it suffices to prove that 

l^ 3 (6+6,^(a)+^(6))l 2 ^i^2 ^CKCfc!,^;^)]- 1 / 2 !!^!!^. 

U kl x.U k2 

(5.13) 

We observe now that - o/fe )] > C 1 d a (k 1 , k 2 \ k 3 ) if & G J7 fcl) £ 2 G £4 2 , 

and £1 + 6 G U k3 . The bound (pTT3"|) follows. 
For part (c), using part (a), we may assume 

2 mcd(, lj2J 3)/2 < C^minG^Mt/faU^I). (5.14) 
Using (|5.9p . we may also assume ji = min (ji, 32,33) and j'2 = med (ji, 32,33)- Let 

% = {(a,6):ia-6i>2 j2/2 }. 

For the integral over (£1, £2) G c Rj 2 = R 2 \ Rj 2 we use a bound similar to (|5 ,8|) : 

/^(a,Mi)/4 2 (6,M2)/£(a + 6, mi + ^2 + n(6,6))^2dMM2 

< C2^/ 2 / A fcl (6)A fe2 (6)A fe3 (& + 6) deide a 

< C2^/ 2 / / A fel (6 + A1 )A fc2 (&)A fc3 (26 + /*) d&d/* 
<^/ 2 / ( / l^fe + ^H^fe)! 2 ^) 172 !!^!!^^ 

J| Al |<2J2/2 VJ R / 

< C2 , 1 /2 23 W4p fci || i2 || Afc2 || L2 p fc3 || i2j 
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1/2 



which suffices for (|5.7|l . For the integral over (£1,^2) G Rj 2 we use a bound similar 
to (|5lJ) 

| /^(Ci,Mi)/i 2 fe,M2)/^(Ci+6,Mi+^2+^i,6))^i^2^i^2 

&(,, XK 2 

< C2 o 1+ ^)/2|| Afci || i2 p fc2 || L2 J /" |B fc 3(£i + 6,n(£i,6))| 2 (^2~ 

fl.j 2 n(C/ fcl xC/ fc2 ) 

(5.15) 

Using ()5.14|) and the identity = — (a + 1)|£| Q , we observe that 

k'(£i) ~ > C -1 ^/ 2 if (6, 6) G #72 n {U kl x C/ fc2 ) and & + 6 G 17*,. 

As before, it follows that 

r f 1 1 / 2 , 

/ |s fe3 (a+6,fi(a,6))i 2 rfarf6 <c2-^\\B k3 \\ L2 . 

l J R J2 n(u kl xu k2 ) J 
The bound (|5.7|) follows by substituting this bound into (|5.15|) . □ 

We restate now Lemma 15.11 in a form that is suitable for the bilinear estimates 



111 



the next section. For k G Z and j € Z + let V£ = {(£,t) G R X M : £ G 



£4 and r — G J, } 



Corollary 5.2. Assume ki,k 2 ,k 3 G Z, ji,32,33 G Z +; and /?* G i 2 (R 2 ) are 



functions supported in Vi* , i — 1,2. 

(a,) For any fci,fc2,&3 G Z and 31,32, h G Z+, 

II Vs • (/^*/i 2 )IU= < Cmin(|C/ fe JJt/ fc2 Ut/ fc 3l) 1/2 2 min ^ j2 ^ )/2 ni|/£|U 2 . 

(5.16) 

(7*^ 7f {*i , *2 ? *3} is a permutation o/{l,2,3} i/ien 



llVa-(/£*/£)IU« <C2^ + ^+^)/ 2 [2^ dQ ( fc4i , A:i2 ;fc l3 )]- 1 /2]J|| / ^j| i2 . (5.17) 

1=1 

(cj For ant/ ki,k 2 ,k 3 G Z and j 1 ,j 2 ,33 G Z +7 

2 

II V" ' (/£ * OU 2 ^ C2 min ^^*)/ 2+mcd ^^*)/ 4 TT ||/*|| £a . (5.18) 

<=i 1 

Proof of Corollary 1 5. ,21 Clearly, 



v' 3 

k 3 



11/11^=1 

Let = l y33 • /, and then (£, /*) = (£, M + w(£)), i = 1, 2, 3. The functions 



*8 



<7^ 1 are supported in C/j^ x Jj. , || L 2 = ||/^||l2, and, using simple changes of 
variables, 



f-(fil*fil)^dr = J(9i[,9il,gil). 
Corollary 15 . 21 follows from Lemma I5TT1 □ 
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6. Bilinear estimates 

In this section we prove several L 2 -based bilinear estimates. All of our estimates 
are based on Corollary 15.21 For p E [—1,1] we define the family of normed spaces 

Xq = {/ G L 2 : f supported in Iq x R and 

oo 2 

11/11*,'= £ £ 2^- 5 )2" fc '||^(r- W (C))^(e)/(C,r)|| i , T <oo}. 

j—0 k' — — oo 

(6.1) 

Clearly, Xq 1 = Xq (compare with the definition (14. 4p ) and Xq <—> Xq if p < p' . In 
addition, it follows easily that 

X^ 1 ^Z ^ X- 1/2+S . (6.2) 

For j G Z + and k E Z \ {0} we define the sets 

D{ = {(£, r) G R x R : £ G h and r - G J,} C . (6.3) 

For j G Z + and k' E (— oo, 2] H Z we define the sets 

^Ife' = {(6 t) E M. x R : £ E Iq D Jk> and r — G J,-} C V#_ 2 . (6.4) 

Using the definition, if \k\ > 1 and ft~ E Z^ then /j. can be written in the form 

oo 

fk E /fc ' 

oo 1=0 (6.5) 

E 2J ' /2 Adl/fclU 2 = ll/fclk, 

such that is supported in D J k . If /o G Xq then /o can be written in the form 

oo 2 
fo = E E /o,fc' ' 

oo j = 0k '=-°° (6.6) 
E E 2^)2^'||/^„|| L2 = ||/o||^, 

j—0 k' — — oc 

such that /q k , is supported in £>q k , . The identities (|6.5|) and (|6.6|) are our main 
atomic decompositions of functions in Zk, k > 1, and Xq. 
We consider first Low x High — > High interactions. 

Lemma 6.1. ( ; ylsswme A, fci, fc 2 G Z\{0} ; |n*| > 2 20 ; |n fel | < K|/2 10 , f kl G Z kl , 
and /fe 2 G ^fe 2 . Tnen 

(1 + \n k \y\\Xk(0(r - w(0 + i)" 1 ' (/fa * /fa)Hz» 

< C(l + K|)-V2(i + | njk |)-* . || /fci || Zfci || /fc2bfc2 . 

(fej Assume k,k 2 G Z\{0} ; |n fc | > 2 20 , / fa G Z fe2; and / G p G {-1/2+5,5}. 
T/ien 



(i + In.D^-^-llxfcCO^ - w(0 + _1 • (/o * AJIk 

<C(l + K|)- 5 .||/o||x 1? ||A 2 ||z fc9 . 
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Proof of Lemma \6.1[ For part (a), we may assume \n k2 — n k \ < |fifc|/2 5 . Using 
()6.5j) . we may assume f kl = f k is supported in D 3 ^ and f k2 = fil is supported in 
D 3 ? . For (|6.7|) it suffices to prove that 

jez+ (6.9) 
< C\n kl \- 1/2 \n k \- S ■ Z^Pk^Mlh* ■ * a/3 P>»jJf&\L>- 
Using ([STTj) and (pT4"l) , 
n D i<fil*fil)\\^ < C2^+^+^/ 2 [(2^+2^)|n fc r + 2^|n fcl ||^r- 1 ]- 1 /2 n , (6.10) 

where n = ||/£|| i2 . ||/^ || L2 . Let II' = 2^(3 ku ^\fl\\\ L *-2^(3 k2 , h \\f»\\ L *. Using 
(I6.10j) , if J = max(ji, j 2 , j) then 

|n fc | • 2- 3 '^ Kj \\l Di ■ (fil * /£)|| La < C ^ 3 ' 2 ^ 3 \n k \^ ■ IT. (6.11) 

Pkl,jlPk 2 ,j 2 

If j 2 = max(ji, j 2 , j) then 

|n*| • 2^/ 2 /? fej ||l D , • (/£ * ft 2 )\\ L , < C—j^^—\n k \^ ■ U'. (6.12) 
If ji = max(ji,j 2 ,j) then 

\n k \ -2-^ fci .||i . (/£ ,/g)|| L2 < c- ■ ^_| nfci |-V2| nfc |i-(a-D/2 

*> Z^ 1 ' Pk 1 ,j 1 Pk 2 ,] 2 

(6.13) 

We observe now that for any £i, £2 € K 

M6,6)i 



e[2- 4 ,2 4 ]. (6.14) 



min(|a|, 161, 16 + 61) • max(|6h 161", 16 +6| Q ) 
Thus, by examining the supports of the functions, l D j ■ (/^ * /^) = unless 

2 max(i 1 j 2 ,i) > c , - 1 |n fcl ||n fc | a . (6.15) 
Thus, using ((5TT|) and (jl^j) . 

K|- J] 2-^111^.(^*^)11^ 

j>max(ji j 2 ) 

^ c E r J/ ? fcJ Kl 1 "" 72 • n ' < CKr^Kl 1 -" • n'. 

2i>C-i|n fcl ||n*h Pkl ' jlPk2 > 3 ' 2 
If J2 > ii then, using (joTT2)) . (pHS)) . and (O 
|n fe |- ^2-^.111^.(^,^)1^ 

^ C E 9^/2/*% l^l 1 ^ 72 • n ' ^ Cl^r 1 / 2 !^! 1 — ln(2 + \n k \) ■ U'. 
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Finally, if ji > j 2 then, using (|6~T3l) . (f6TT5]) . and (j43]) 

K|. £ 2-^,111^.(^*^)11^ 

^S aA - i^r 1/2 i^i Ma - 1)/2 - n/ 

Z Pk 1 ,j 1 l J k 2 ,j2 

<C\n kl \- 1 ^\n k \ 1 - a ln(2 + \n k \)-Il'. 
The estimate (16.91) follows from the last three bounds. 



For part (b), using (|6.5p and (|6.6p we may assume fo = p^ k , is supported in 
D-Q k , and /fc 2 = fj^ is supported in D J k 2 2 . For f|6 .8[) it suffices to prove that 

(K| + 2^'/2| nfe |i/2| nfc |-m ) . J- 2-^0 k!j \\l Di ■ (/*, * /£)|| £a 

iGZ + (6.16) 
< C|n fc r 205 • 2^( 1 -*)2- fc '( 1 M|| / ^,|| L2 . 2^(3 k2 , j2 \\fil\\ L2 . 

Using (151B . 

IIV fc ' (f&> * /4 2 )IU= < C2^2 k '/* ■ ■ \\fll\\ L z, (6.17) 

and the bound $J5§ follows easily if 2 fe '|nfc| 1+30 ' 5 < 1- 
Assume that 

2 k '\n k \ 1+3as > 1. (6.18) 



In this case \n k \ > 2- fc '/ 2 |n fc | 1 / 2 |n fc |- 19 ' 5 . Using fCTfj) and 

Uoi ■ (ft' * CT^ 2 < C2^+^ 2 [(V + 2i°)\n k \ a ]- 1/2 n, (6-19) 
where II = • \\f£\\v>. Using (EH, 1^ • * /£) = unless 

gmaxChJaJ) > ^-^ft' | nfe |a ^ 2Q ) 

Let H' = 2^( 1 - 5 )2- fc '(V2-^)|| / ^,|| L2 . 2J2 /2 / 3 fc2j2 || / g|| L2 . If j = maxfe j 2 ,j) then, 
using ([6TT5]) . 

K| .2-^-111^ • (/*, */*)||^ < ^^S^— 2 fe ' (1/2 - 5 V fc r- a/2 -n'. 

(6.21) 

If j 2 = max(ji, j 2 , j) then, using (|6.19|) . 

(6.22) 

If ji = max(ji, j 2l j) then, using (|6.17|) 

|n fc | • 2-^/3 fcj ||l D , • (/*, */£)|| £2 < C *2-J!^ -f {1 - S) \n k \-TL'. (6.23) 
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Thus, using (OH) , ([6301) . and (143]) . 

K|- ^ 2-^ ; .||i Dr(/ ^ / * / ^)|| i2 

j>max(ji ,j 2 ) 

<c V ■ H /2 f kJ 2 fc, ( 1 /2^)| n ii-a/a . n' < C2- 5fc, K| 1 - a ■ n'. 
2 na/^)f3 k 1 fel - 1 fcl 

K J2 > ji then, using (|6T22|) . dOOjl . and (|Q|) 

K|.^2-^ feJ ||i Dr (^,*/g)|| i2 

< (7 V ^ 2 fc ' (1/2 " l5) lnJ 1 " Q/2 • n' 

2Mi/2 - 5)2j2/2 ^ 2 , j2 11 

<C2^ fc '|nfcr _a ln(2+|n fc |)-n'. 
Finally, if ji > j 2 then, using ([6T23]1 . flOU]) . and (143]) 

1^1.^2-^111^.(^*^)11^ 

^ c E iS^ 2t ' (W) l^l • n' < cm 1 —^ • n'. 

The estimate (|6.16l) follows from the last three bounds and (|6.18[) . □ 
We consider now High x High — > Low interactions. 

Lemma 6.2. Assume ki,k 2 , k € ™in(|«fcil) l n fc 2 |) > 2 10 (l+|n fe |), / fel G Z kl , 

and fk 2 G Zfc 2 ■ Then 



(1 + |n fc |)-|| X fc(0(T - w(0 + i)" 1 • (A, * A 2 )lk 

< C(l + M)- 1 /^ + |n fel | + |n fe2 |)- 5 • ||A,|| Zfci \\f k2 \\z k 

In addition, i/min(|n fcl |, |n fc2 |) > 2 10 , f kl G Z fcl7 and A 2 G Z fc2 then 

||Xo(0(r-w(0 + ■ (/*, * / fc2 )|| x -i/ 2+ . 



<C(l + |n fel | + K 2 |)- 5 .||/ fcl || Zti ||/ fc2 || z , 



(6.24) 



(6.25) 



<=2 ' 



Proof of Lemma WJH Clearly, we may assume \n kl /n k2 \ G [1/2, 2] and n kl -n k2 < 0. 
Using (|6.5p . we may assume f kl = f° k \ is supported in D£ and /fe 2 = f 3 k 2 2 is 
supported in . 

For (|6.24p it suffices to prove that 

\ nk \-j2 2- j/2 0kAi D i-(f£*fi:)h* 

jez+ (6.26) 
< C\n k \-W\n kl \- S ■ ^/XjxIIZ&IU' • 2^ 2 /3 fe2j2 ||/^|U 2 . 

In view of (I6TT4D . 1^ ■ (/£ * /£) = unless 

2 maxO- lj2 j) > C-Vfc||n fcl | Q . (6.27) 
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Using lETTD) . 

UdI ■ (Hi * flDh* < C2^+^+^ 2 [2 m ^^)|n fcl | a + 2> fc ||7i fci r- 1 ]- 1 / 2 n ! 

(6.28) 

where II = ||/£|| ia • ||/£|| L 2. Using O and 

ki. j2 ^ j/2 Mi Di -(fii*ft 2 )\\^ 

j>max(ji,j 2 ) 

< C Y, 2 ~ j/2 fa,j ■ \n k \ 1/2 \n kl \- {a - 1)/2 ■ 

2i>C- 1 \n k \\n kl \<* 

< C|n Jfc |- 1 / 2 |n fcl |-( 0, - 1 V 2 .2^+A)/ 2 IL 
Using again (fOTj) and (f6T28|) . 

K|- J] 2-^ a /3*j||l^-(/£*/£)IU» 

j<max(ji j 2 ) 

< c E P*j ■ 2~ max(jlJ2)/2 KK 1 r Q/2 • 2^' i+i ^/ 2 n 

j<max(jij 2 ) 

< Clog(2+ |n fel |)|n fel |- Q / 2 • 2^+^/ 2 U, 

since in this last estimate we may assume 2 max ^ 1,J2 ^ > C~ 1 |nfe||nfc 1 | a . The bound 
(|6.26| follows from the last two estimates. 

For (|6.25|) it suffices to prove that 

E E 2 "^" fe ' (1M iiH,'- (/ ^*^ )IU2 

k' — — oo iQ^L-if 

< C\n kl \- S ■ 2^ 2 (3 kujl \\fil\\ L2 ■ 2 h/2 Pk2,h\\ftM. 
In view of (EH, l D o ■ (fll * fll) = unless 

2 max(i lj2j ) > c -l 2 k '| nfe ja _ (g 3Q ) 

Using (I51B . 

Il 1 ^ , ' (/£ * OU 2 ^ C2 fc '/ 2 2- max ^ lj2 )/ 2 • 2< J 'i+*0/ 2 n, (6.31) 
where n HI /^lUHI/glU- Clearly, 

2- jS • 2- max «i>J'*)/ 2 < C(l + 2 k ' \n kl \ a )~ & i 

2 max (J! ,j 2 ,j) >C-l 2 k' | nfcj |a 

and the bound (|6~2^]) follows from (|OTj) . □ 
Finally, we consider interactions of comparable frequencies. 

Lemma 6.3. Assume kxM e Z, k e Z\ {0}, (1 + |n fci |)/(l + |n fc |) G [2- 20 ,2 20 ] 7 
i= 1,2, € ^fei, and / fc2 e Z fe2 . TTien 

(1 + [nfc|)-||x*(0(T - w(0 + _1 • (f kl * /fa)|k 

, (6.32) 

<cA(fe 1 ,fc 2 ,fe)(i+Ki)- 5 -ii/ fcl iiz fci n/ fc2 iu ii2) 



(6.29) 
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where, with A = min(||7i fcl | - |rafc 2 ||, ||rife| - \n kl \\, ||nfc| - \n k2 



*2 I / ! 



A(fci,fc 2 ,fe) 



'l ifA<2 50 (l + \n k \) 1 / 2 ; 

A-V2 ifA> 2 50 (l + \n k \) 1/2 - 



In addition, iffa,k 2 G Z, l + |n fei | G [2 20 ,2 20 ], i = l,2, / fel G and / fc2 G Z fe2 , 
t/ien 

IIxo(0(t - + i) -1 • (/fci * AJIIjc-i/^ ^ll/fcJkJ/dk,. (6.33) 

Proof of Lemma \6.3[ We analyze two cases: |rifc| > 2 100 and \n k \ < 2 100 . 

Case 1: |ra fe | > 2 100 . In view of the hypothesis, \n ki \ > 2 70 , i = 1,2. Using 
(|6.5p . we may assume = is supported in Z)^. 1 and /fc 2 = fj£ is supported in 
D 3 * . For (|6.32p it suffices to prove that 

\ nk \- J2 2 ~ j/2 ^ni-(fii*fi:)\\^ 

iez+ (6.34) 
< CA(fe l5 fc 2 , fe)]^!" 5 - 2^/ 2 /5 fcl!j J|/^|| i2 • 2^/ 2 ^ fe2!i2 ||/^|| £2 . 

In view of (EH, V fc ' (/& * /fa) = unless 

2m a x(jlj2 , j) > c--i| nfc |a+i and p kJ < Cmax(/3 feliil ,/3 fe2)J - 2 ). (6.35) 
Using (15351) . 

Il 1 ^ • (/& * /&)IU« < 2^ i+J2+J )/ 2 2- max ^^'^/ 2 • n, 

where n = ||/£|| ia ■ ||/£|| £3 . Thus, using ([05J, 
K|- £ 2-^111^.(^,^)11^ 

(6.36) 

< Cln(2 + KDKI"^- 1 )/ 2 • 2^ 2 p kujl \\fil\\ L2 ■ 2^ 2 p k2tj2 \\fil\\ L ,. 

It remains to prove the bound (]6.34p in the case A > 2 50 (1 + |^fc |) - In this 
case, using (|5. 17|) . 

Il 1 ^ • (/& */&)IU a < 2^ + » + M 2 [2^uj2,j) A \ nk \a-i]-i/2 . n . 

The bound ([634]) follows from fQ5|) . 

Case 2: |n^| < 2 100 . Since < C, i = 1,2, for (|6.32[) we have to prove that 

|| X)fe (0(T - w(0 + z)- 1 • (/ fcl * / fe2 )|| Zfc < C||/ fel \\ Zki \\f k2 \\ Zk2 . (6.37) 

It follows from the definitions and (]6.2p that 

£2^- 5 )||^T-u,(£))/ fe J i2 <C||/ fc; || Zji! , (6.38) 

for Z = 1,2, since jn^J < C. The bound (|6.37|) follows easily using (|5.16p . The 
bound (|6.33p also follows from (|6.38p and (|5 . 16[) . This completes the proof of the 
lemma. □ 
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7. Multiplication by smooth bounded functions 

In this section we consider operators on Z k given by convolutions with Fourier 
transforms of certain smooth bounded functions. As in [TU], for integers N > 100 
we define the space of admissible factors 

= {m : M 2 -> C : m supported in M x [-10, 10] and 

N N N (7 1) 

\H\sp = E iisrnk- + E E m^imw < oo}- 

(71—0 (71— 0tT2 — 1 

Notice that bounded functions such as r]o(t)e lq ^ , q G R, \& as in (|3.10[) , are in S^- 
We also define the space of restricted admissible factors 

S% = {m : R 2 — > C : m supported in R x [-4, 4] and 

N N , 7 2 n 

Hk= E E nawHU»<°°}- 

(71=0 (T2—0 

It is easy to see that bounded functions such as r]o(t)4>\ ov/ e' lq ' S/ , g e 1 (with the 
notation in section [3]) are in Sjy . Using the Sobolev embedding theorem, it is easy 
to verify the following properties: 



c2 r~ coo 
°N — °AT-10' 
coo coo r- coo 
<~>AT ' °N — °N-Wi 
c2 coo r- c2 
<->AT ' ^at !±= <JJV-10J 

« coo (- c2 



(7.3) 



For k G Z we define 



^ iSh = U J i and M ^° W = ( M " igh ) C ' ( 7 - 4 ) 

2i+=°>|n fe |<* 

and 

Zk ish = {fh £Z k :f k is supported in {r - w(Q G M* gh }}. (7.5) 

Clearly, Z[" gh = Z fc if |n fc | Q < 2 20 . The main result in this section is the following 
proposition. 

Proposition 7.1. (a) Assume fci,&2 G Z. Z^" 5 ' 1 G Z k s , e G { — 1,0}, and m G 
5^ . 77ien 

x fe2 (6)(r 2 -^(6) + ^-(^; sh *^M) „ 

< C(l + |k - fc 2 |r 6 °ln(2+ K|)||m|| 5 ~ • ||(n - • / fc h ; sh |ki- 

(7.6) 

ffe^ Assume k\, G Z, fci 7^ 0, G e G { — 1,0}, and m' G S'ioo- Then 
Xk 2 (t2)(T2-^2)+iy-(f kl *Hrn'))" 



< 



C(l + |fci - fc 2 |)- 60 ln(2 + |n fel |)||m'|| s?oo • ||(n - ufo) + if ■ f kl \\z kl ■ 

(7.7) 
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In addition, if fa <E Xq (see definition (|6.ip ) then 



< C(l + |fc 2 |)- 60 ||m'|| sfnn • \\(n - wfa) + if ■ /o|| vc- 



(7.8) 



The rest of this section is concerned with the proof of Proposition 17.11 The 
proofs in this section are similar to the proofs in [10| Section 9]. We may assume 
IMIfflg,, = IKIIs?„„ - 1. For any j" e Z+ and k" G Z let 



m k ",j" = T 1 [m>'{ r )Vk"{€)F{m)\, 



Let m<k»,j" = J2k>>><k" m k"',j" and 
JUL for any j" G Z+ and k" G Z, 



(7.9) 

Using (j7Tj) and 



||m<fc// ji »||i» < C2- 8 °J'"; 

2 fc "|K", + Hmfcz/jHU- < (7(1 + 2*")- 80 2-«W" ) 



and 



-80j" 



(7.10) 
(7.11) 



||m'< fe „ J „|| Llt + (l + 2 fc )- BU ||m^ ii „|U ;t <C2- 

We prove the proposition in several steps. 

Step 1: proof of (|7.6p in the case ki = k% = 0. The estimate (|7.6j) in this 
case is the main reason for defining the space Zq as in (|4.6p . instead of, for example, 
Z Q = Xq 1/2+S . Using the definition gl]) it is easy to see that 

\\(T-u(o + iyh\\ Zo n\\( T + iyh\\ Zo . (7.i2) 

Therefore, we have to prove that 

Xo(6)(T 2 + l ) e -(/o*^M) <C\\(r 1+1 y-f \\ Zo (7.13) 

for any f G Zq, e G {0, -1}. 

Assume first that (n + i) € /o G -Xq = -X~q ■ Using the representation Q6.6|) . we 
may assume that /o = /q 1 ^,/ is an L 2 function supported in -Dq\/, fe' < 2, ji > 0, 



iyf \\x ^r^2^- s h- k '\\fy\ 



L 2 ■ 



We decompose 

oo oo oo 

m = E m<fe'_ioj'' + X! X! TOfc " 

j"=0 k"=k'-9j"=0 

For (|7.13|) it suffices to prove that 



E |xo(6)(T 2 +*)M/o'; fe '*^(™<* 



'-10j' 



')) 



j"=0 
10 



-X,, 



+ E E |xofe)(r 2 + iy ■ Ul] k , * Hmk^f)) 

fc" = fe'-9 j"=0 

<C2^2^( 1 - 5 )2- fe '||/(VIU= 



(7.14) 
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Using the definition (14. 4)1 . the first sum in the left-hand is dominated by 

oo oo 

^2^- s h- k '\\ Vj2 (r 2 ) ■ (% k ,*Hrn< k >-i ,f<))\\ L * 

j"=0j 2 =0 

We observe that r?j 2 (T 2 ) • (/qV * F{jn<k>-ia,o")) = unless 

O'a, j") e L£ = {(j 2 , j") G Z+ x Z+ : |j! - j 2 | < C or j x , j 2 < j" + C} (7.15) 

for some constant C . Thus, using (|7. 10|) and Plancherel theorem, the expression 
above is dominated by 

J2 2^2-' 2 ( 1 - 5 )2- fc '||/^|| i2 ||m< fe ,_ 10j v,|| L3O < CT^^-'h^'Wf^Ui, 
as desired. Similarly, the second sum in the left-hand side of (|7.14|) is dominated 

by 

10 

C E 2^2^( 1 ^||^- 1 (/^,)-m fc » J ,))LjL ? 

fe"=fe'-9(j2,i")eLf 1 

10 

<c\\&\l* E E ^ n[1 - s) \\^,ALiL ? 

fc»=fe'-9 (hjneLg 
<C2^2^ 1 -^2- k '\\f^ h ,\\ L ^ 

where in the last inequality we use \\mk" j"|lL 2 L=° < C*2~ fe 2~ 70: ' , compare with 
(OUT) . 

It remains to prove (|7.13p in the case (ri + «) e /o S io- Using the definition (|4.5p . 
we may assume /o = ffo 1 ^ s supported in Jo x Jji arL d 

IKn+zr/ollyo^s^^^^ll^- 1 ^)!!^. 

For (|7.13|) it suffices to prove that 

E IIXo(6)(r 2 + *) e • *^(m<io,,")lk < C2^V^\\F-\rt)\\ LlL .. 

j">0 

Using Plancherel theorem and (|7.10p . the left-hand side is dominated by 

c £ V^-^WT- 1 ^) ■ m< 10d ,>\\ LlLl < C2^2^- s ^F-\gfc)\\ LlLl , 

as desired. 

Step 2: proof of (|7.8[) in the case fc 2 = 0. Using the representation (|6.6p . we 
may assume that /o = fo\, is an i 2 function supported in D^y, k' < 2, ji > 0, 

||(ti - + OVolUo « 2^^( 1 - ff )||/g j VI| ia . 

In view of (|7.12p it suffices to prove that 

oo 

E IM6)(T2 + i) e • (/(V *^Kaoj»))lk < ^^(^H/^ll^. (7.16) 
i"=o 
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Using Plancherel theorem and (|4.5I) . the left-hand side of (I7.16|) is dominated by 

C||/(VIU= E 2^( 1 - 5 )2^||m'< 10j „|| L , Lr , 

and the bound (|7. 16[) follows since ||rn' <10 •„ ||z,jz£° < , compare with (|7.1ip . 

Step 3: proof of (|7.6p in the case k%, fc 2 G Z\{0}, \ki~ fc 2 | < 10. In view of the 
definition of Z k lg and (|6.5p . we may assume that /^ lgh = f k is an L 2 function sup- 
ported in D&, 2^+ 20 > |n fcl |« IKn-w&HOV^K ^Wv^ .J/£|| i2 . 
We write 

oo oc oo 

j"=0 fc"=-99j"=0 

For (|7.6p it suffices to prove that for e € {—1,0} 

E llXfafeOfa " "(6) +i) e • [/£ *^(m<- W ')](6,T 2 )|| Zfc2 

j">0 

+ E E ||x fc2 (6)(r 2 -^(6) +*) e • {fi\*Hrnv',i>'M2,T 2 )\\z h2 ( 7J8 ) 

fc">-99j">0 

<Cln(2 + |n fcl |)2^2^/ 2 /3 fclJ1 ||/^|| L2 . 

To bound the first sum in (|7.18l) . we use (l6T4j) and 2 31+2 ° > |n fcl | Q to conclude 
that 1 DJ2 ■ [fl 1 * ^ 7 (m<_ioo,i")](6) T 2) = unless {j 2 ,j") € see definition 

fc 2 ____ 

(I7.15P . Using Plancherel theorem and (|7.10[) , 

||/£*^(m<_ w 0|| £ . <C2- 8 °i"||/£|U 2 . 
Thus the first sum in (|7.18p is dominated by 

which suffices (recall that |fci — fc 2 | < 10). 

To bound the second sum in (|7. 18[) assume first that e = 0. As before, we use 
(|6.14p to conclude that l D i 2 ■ [fl 1 * T(mk>> t%) = unless 

k 2 1 

|ji-i 2 |<4 or ii,j2<log 2 (K| a ) + fc"+j // + C. (7.19) 
Using Plancherel theorem and (|7.10p . 

\\fi\*Hrnw,i»)\\ L . < C2- S0k "2-^"\\fH\\ L 2. (7.20) 

?2. T 2 

Thus, using ji + C > log 2 (|rifc 1 | Q ), the second sum in (|7.18p is dominated by 

c E 2_80fe " 2 " 8ty "ii^n^ E * 2/2 ^,h 

k" >-99 j">0 h<h+k"+j"+C 

<c&/*/3 klJl \\f£\\ L >. 

We bound now the second sum in (|7.18p when e = — 1. The main difficulty is 
the presence of the indices j 2 <C j\. In fact, for indices j 2 > ji — 10, the argument 
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above applies since the left-hand side is multiplied by 2 J2 and the right-hand side 
is multiplied by 2 _jl . In view of (|7.19[) . it suffices to prove that 

E E 2 ~' 2/2 ^,n \\l-n* ■ [ft * Hmw'j-t \ L * 

fe"+j'">ii-log 2 (|n kl |«)-Cj2<Ji-10 " (7.21) 

<Cln(2+K 1 |)2-^/ 2 /3 fclJ1 ||/^|| L2 . 

If ji > log 2 (|«fci| Q+1 ) - C the bound (|7T2Tj) follows easily from (|7T20")) . Assuming 
ji < log 2 (|n fcl | Q+1 ) - C, the sum over k" > log 2 (|n fcl |) - C in ([7721]) is bounded 
easily using again (|7.20|) . If k" < log^n/^ |) — C then, using Corollarv l5.2l (b) 

• \f&*n™*>J»)\\\» < C2 1 °W''+ fc ^2^2| nfci |-«/2|| mfc „ .„|| i . 2 || / ^| U2 . 

The bound (|7T2l"j) follows using (|7TT0| . 

Step 4: proof of (J7T7J) in the case k 2 ^ 0, \h - k 2 \ < 10. In view of (jbT5)) . 
we may assume that f kl = is an L 2 function supported in Djf , \\(t\ — u>(£i) + 
i) f 'fk 1 \\z kl ~ 2 ejl 2 J1 / 2 /3^ 1 ;J1 Wf^ \\l2. In view of the case analyzed earlier, we may 
assume that 

2 J1 < \n kl \ a . 

For (|7.7|) it suffices to prove that for e e { — 1, 0} 

E E llxfa(&)(T2 - + o e • [/£ * 

k"elj">0 

< Cln(2 + |n fcl |)2^Wa / 3 fcij . i || / ij|| ia . 
Using the definition of the Z k spaces, this is equivalent to proving that 

E E E 2*2*/ a & 

fe"ezj">0j 2 >0 fe2 (7.22) 

<Cln(2+K|)2^2^/ 2 / 3 felJ1 ||/^|| i2 . 

This follows using the bound (|5T6| for 2 fc " |ra fel | Q < 1 and 2 k " > \n kl |/100, and the 
bound (EH} for 2 fc " G [|n fel |- Q , KJ/100]. 

Step 5: proof of flU]) and dTTTJ) in the case k x ,k 2 € Z\ {0}, |fci - fc 2 | > 10. 
Clearly, it suffices to prove the stronger bound (|7.7[) . In view of (|6.5p . we may 
assume that = is an L 2 function supported in , |j (n— w(£i)+i) £ /fci ||^ fc f» 
2 e ^2^/ 2 p kujl ||/^||i,2. It suffices to prove that 

E E HxfateOfa - + iy ■ ifii * H™'k»,j»)]\\ Zh2 

2 fc ">(l™ fcl | + |« fc2 |) 1 /2j">0 

Using (|5.16p and (|6.14| , it suffices to prove that 

2'=">(K 1 | + K 2 |) 1 /2j 2 j" (7.23) 

<G|fe 1 -fc a |- 80 2^2»Va / g fci ^|| / ii|| i3 , j 
where the sum over j 2 and j" is taken over the set 

{(j 2 , j") G Z+ x Z+ : |j 2 - ji| < C or Ji, j 2 < 10fc" + 10/ + C}. 
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The bound (f7T23|) follows easily using ([?TTTJ) . 

Step 6: proof of (]7.6p and (j7.7p in the case /c 2 = 0, fii ^ 0. In view of 
(|7.12p and the discussion in Steps 3, 4, and 5, it suffices to prove that 

||xo(6/2 10 )(r 2 + iY{f kl * Hm'))\\z n < C| ^ | ~ 60 1 1 - + OVfaK 

for any f kl S e e {-1,0}. In view of (|6.5p . we may assume that f kl — f J k \ is 
anL 2 function supported in , ||(ri-w(6)+i) 6 /*il|z fcl « 2^2^/^ j^. 
It suffices to prove that 

E E E 2J2(1 " <5)2ei2 H^ 1 ^fe/2 10 ) ?7j2 (T2)(/£ ^K^,,))]!!^ 

2*"+l0>| njfci |j">0ja>0 

(7.24) 

where the restriction 2 fe + 10 > [n^ | may be assumed due to the support property 
of fj^ . Using (|7.1ip and the support properties, 

<C2- 70 ( fe "+^'")||/£|| i2 , 

and H^Mk/a 10 )^)^ *^K„ = unless 

lix - J 2 | < 4 or i!,i 2 < j" + log 2 (|n fel \ a ) + C. 

The bound ([7^4]) follows easily, using also 2^/ 2 (3 klJl > 2^-^ \n kl I" 1 . 

Step 7: proof of (fT6]) and ([7T8]) in the case fc 2 ^ 0, fci = 0. In view of ([P]) 
and the discussion in Steps 3, 4, and 5, it suffices to prove that 

iixfateOfa - + w * ^K))ik 2 < cifc 2 |- 6o n - + o e /oiug 

for any / G JS^ supported in {(£l,Ti) : |fi| < 2~ 20 }, e S {-1,0}. In view of (|6J)) . 
we may assume that fo = f^ k , is an L 2 function supported in Dq 1 ^, k' < —10, 
|| (n - + i)7o||xS ~ 2 eil 2J' 1 ( 1 - ,5 )||/^ 1 fe ,|| i 2. It suffices to prove that 

E E E 2 ^ 2 ^ 2 ^ 1 ^ ' (/& *^K»j"))IU» 

2*"+io>|n fca |j'">Oj a >0 " (7 25) 

<C|fc 2 |- 60 2^2^( 1 - <5 )||/(VllL=, 

where the restriction 2 fc + 10 > |nfc 2 | may be assumed due to support properties. 
Using (|7.1ip and Plancherel theorem we have 

II • (/(V *^K",i"))IU= < C2- 7 °( fc "^")||/^,||L 2 . 

Using support properties we have ||l,y'2 ' (/oV * •7 r ( TO fc".i"))llL 2 = unless 

fc2 ' ' 

\h -h\ < 4 or ji.ja < j" + log 2 (K 2 | Q ) + C. 
The bound (17351) follows easily, using also 2 j ^ 2 /3 k2 ,j 2 < C2^- & \ 
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8. The main technical lemma 

In this section we combine the estimates in sections [6] and [7] to prove our main 
global estimate. We define 

|| • ||^ = || • \\ Fk for k ? and || • ||^ = \\F(-)\\xg, 

|| • || R = || • \\ Nk for k + and || • ||^ o = ||(r - w(0 + ir^OIUj. ' " ' ' 



see (|6.ip . These norms are clearly controlled by || • \\p k and |j • | j jv fc respectively. 
Moreover, 



l»»(0lk<C(l + |n fc |)||.|| A) R(-)lk<C(l + |n fc |)|| 



Lemma 8.1. Assume a S [0,2] and W : K — > R is defined as in (]3 . 10|) . For any 

(ki,k 2 , k) eZxZxZ assume that ak u k 3 ,k e [-4,4], Wk 1 ,k 2 ,k,w' k2kik € C(M : i/' 7 ) 
are supported in R x x [-4,4], T(w klM . k ) <E ^(wj^^j.) € Zfc 2 , 

sup ||^(u; fcl ,fe 2ife )|| Z)t =T fel and sup 11^(^2,^^)11^ = T i 2 - 

TTiera 

5^(l + l»fcl) 2 ' +a/ *( E l|9xP i b(e i ^-'- fc *^ 1 , fc3 , fc <, fcl)fe )|U, 

fceZ fci,fc 2 6Z 

+ ||flk(e*(e io *>'*»'**)iflfc lj fc !ll fc«4 1 , fcl|fc )|U fc ) a 

< c( e (i + kd-^iV) ( e a + \^\r- s/A n 2 2 

+ c( E (i + I^J) 2CT - 5/4 r fel 2 ) ( E (i + kl^X 

fciez fc 2 ez 

(8.2) 

Proof of Lemma \8.1{ Assume first that 

a>ki,k a ,k = for any ki,k 2 ,k e Z. (8.3) 
In this case we use only the dyadic estimates in section [6j For any fc € Z let 

Ofe = {(ki,k 2 ) 62x2:^+4)^^0 and |n fcl | < K|}. 
With J; as in section [U it suffices to prove the (slightly stronger) estimate 

oo 

£ 2 (2„ +2+ ,/2), ( £ iiP.K^.^^)^) 2 

(8.4) 

oo oo v / 

<c(E2^ W2)/i E rvx^^-w Yl r ^ 2 )- 

il=0 IHjEJij (2=0 n k2 £.Ji 2 

We fix now ^ 6 Z + and estimate 

2 2/ E ( E ii^K^^x^^bj 2 . 

n k e.Ji (k!,k 2 )eQ k 
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We split the set Q k = Q' k U Q' k U Q' k , where we define the three subsets according 
to the conditions of Lemma 16.11 Lemma 16. 2\ and Lemma 16.31 

f{(fci,fca) G Q k : \n kl \ < \n k \/2 10 } if \n k \ > 2 20 
W * \0 if|n fe |<2 20 
gfe={(fci,fc 2 )GQ fe :|n fel |>2 10 (l + |n fe |)} 

={(fci, fca) G Q fe : (1 + K|)/(l + |n fc |) G [2- 20 , 2 20 ] for i = 1,2} 
Using Lemma |6. II we estimate 

n k £Ji (k 1 ,k 2 )eQ' k 

<C2-™ E ( E E 2-' 1 / 2 S '(/ 1 ^ 2 ,, fc )) 2 (8 .5) 

n k e.Ji h<l-W h£[l-5,l+5] 
n k eJi h<l-10 l 2 £[l-5,l+5] 

where 

^(h,h,n k ) = E r ^ r te- 

! ,n k2 e.Ji 2 ,\n kl +rifc 2 — rifc |<2'/ 2 + 10 

We observe that for any G Ji 

\{{n kl ,n k2 ) G J Zl x J i2 : |n fcl + n fc2 - n k \ < 2 l ' 2+w }\ < C2 Zl / 2 . 

Indeed, for any n kl G Ji t there are at most C numbers n k2 G Ji 2 for which \n kl + 
«fc 2 — n k\ < 2'/ 2+1 °. Moreover, we observe that for fixed k\, fc 2 

|K G Ji = K + ™fc 2 - "fcl < 2'/ 2+10 }| < C. 

Thus 

E S'ai,/ 2 ,n fe ) 2 <C2' 1 / 2 ( £ T fcl 2 )( £ L' fe2 2 ), 

n k e.Ji n kl eJi 1 n k2 e.Ji 2 

which shows that the left-hand side of (|8.5p is dominated by 

^2-3^(^2-^/2 Y: r fel 2 )( 2 E r ^ 2 )- (8-6) 

/i=0 n kl eJ tl hE[l— 5,1+5] n h2 E Jj 2 



Using now Lemma 16.21 we estimate 

22 ' E ( E \\ p ^M,k-< M )\\N k ) 2 

n k £j t (k 1 ,k 2 )£Q k 

<C2- 1 ( E 2-^£"(M2,n fc )) 2 

n fc e./, J 1 ,J2>J+5,|J I -b|<2 

<C2-^ l Y J E 2-"^"(i 1 ,I 2 ,n fc ) 2 , 

n fc GJi /i : i 2 >i+5,|/i-; 2 |<2 

where 

Z"(h,h,n k ) = J2 T ^2- 

n kl eJi 1 ,n k2 £Ji 2 ,\n kl +n k2 -n k \<2 l i/ 2 + 10 



(8.7) 
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The Cauchy-Schwarz inequality implies 

^"(h,h,n k r<( 53 r fcl 2 )( 53 r k 2 )- 

nk 1 EJi 1 n k2 £Ji 2 

Since \{nu ■ rife g Ji}\ < C2 1 / 2 the left-hand side of (|8.7|) is dominated by 

oo oo 

C2 -(i/2 +S) i( £ J] T fcl 2 )( 53 53 r' fe2 2 ). (8.8) 

Zi=i+5 n ki e.Ji 1 Z 2 =2+5 n k2 e.h 2 

Finally, using Lemma 16.31 we estimate 

n k e.Ji {ki,k 2 )eQ' k 

<C2- 2Sl 53 [ 53 A^fc^r^ry 2 

(8.9) 

l" fel +" fc2 -™ fc l<C2'/ 2 + 10 

<a- m [ E r *i 2 n E n 2 \ 

l+\n kl |6[2'-40 i2 i+40] i + |„ fc2 | e [2i-40 2 !+40] 

The bound flU) follows from flgli) . (EH), and (|8~3) . 

We remove now the hypothesis (|8.3[) . Let T(a) denote the right-hand side of 
HES) . Since a^e"*!.*^**)^*/ 4 ) g S? 00 , it follows from Proposition O (b) (with 
e = -1) that 

||ft(flx(e < °*>'*»'»*)ii;fc 1 , fa ,fc«/ fa|fcl , fc )||^ 

<C53(l + |z,|)- 60 ln(2 + |n fc+y |)||P fe+I ,( Wfel , fc2 , fc < 2:fcl:fc )||^ 

for any fc, fci, &2 g Z. Thus, using (18. 4) , 

53(1 + K|) 2ct+2+5/4 ( 53 ||P fc (5 a :(e i0fc i.^.**K 1 , fca , fc < ifclifc )|| Arfc ) 2 <1». 
feez fei,feaez 

(8.10) 

To control the first term in the right-hand of (|8.2[) we decompose the functions 
Wk 1 ,k 2 ,k and wj_ 2 fe k into high and low modulation components according to (|7.4[) 

Wk!,k 2 ,k = u k!,k 2 ,k + Vk t ,k 2 ,k 

and 

w k 2 ,k u k — u k 2 M,k "+" v k 2 ,k 1 ,k 

= ^-^l M M gt (r- W (e))^K 2 , fel ^)+^- 1 (l M w(T-a;(e))^(< )fel)fe )). 

A; 2 ... K2 

It follows from Proposition [77T] (a) (with e = 0) that, for any v £ Z 

sup ||^(P fcl+ „(e iafc i.*=..**, 7o (t/4K 1 , fc2 , fc ))|| z „ <C(l + |z,|)- 50 ln(2+|n fel |)r fcl . 

fc 2 ,fcez 
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Thus, using (EH) with u kl+vMM . k = P kl+v {e ia »i^ k<s r) (t/4)u kl , k2 , k ) 
J2(l + \n k \) 2 ° +S/4 ( J2 H»xft(e io ^-*«-**u fcl , falfc < ifcl>fc )|U 11 



fei,fe 2 e 

<^(i + K|) 2 ^/ 4 ( \\^ p ^ +v mmMm)\\n^ 181:1 1 



< m, 

as desired. Similarly, 

£(1 + |nfc|) 2CT+ */ 4 ( 2 ll^ft(e ia '=-'-^t; fcl , fc2 , fc < ifcl)fc ryo(i/4))||iV fc ) 2 < r(<r). 
fcez fei,fc 2 ez 

(8.12) 

Finally, to control the contribution of Ufc 1) fc ai fcV^ fe fc we make the observation 
that the product of two functions of low modulation has high modulation: 

F(Pk>(Vki,k2,kv' k2ikuk )) € Z^ gh for any k' E Z. 

This follows from (j5Tlj) (recall that Z^ igh = Z k if |n fe | Q < 2 20 ). It follows from 
Proposition [TT] (a) (with e = — 1) that 

||axflb(e < °* 1 -*>.**»jD(t/4K, fc!1 , /b ^ ifclifc )|| JVjb 

< ||i\(ax(e io *>'*»'**)»Jd(*/4)«*i,fc a ,fc< J fc 1J fc)IU» 

+ C2(l + IH) _50 M2 + |n fe+y |)||^P fe+ ^ Ufcl , fc2)fe <, fcl)fe )|| J v fe+i/ . 

Thus, using (JHHJ) and (|5TH)l 

£(l + KI) 2CT+5/4 ( £ II^P fc (e i ^^^%(t/4) Ufelife2)fc < ifel)fc )|| JVfc ) 2 <r(a). 
feez fci,fc 2 ez 

(8.13) 

The lemma follows from ([8T0|l . ([87TT]) . (|8T2]l . and (j8T3)) . □ 

9. Commutator estimates 
We prove now several commutator estimates. Recall the definitions (|8.1[) . 

Lemma 9.1. Assume f/iaf i?(L>) = d^D 02 for a x G {0,1} and 1 < <r 2 < 2 or 

o"2 = 0. Assume further that m, m' E S^o; ll^lsj ,, + ll TO 'l|s5 > ? ^ !• Then, for any 
cr G [0, 2] and fc, /x € Z 

(1 + | M |) 40 (1 + K + J) 2 H|P fc+ >*P fe i?(£)(m'w) - flfeiJCDJCmm'te)]!!^ 

< cQi + nr 40 (i + k+„i) 2ct+2cti+2,t2 - 1 in 2 (2 + \ nk+v \)\\Pk+M\ 2 F k+u , (9 ' 1} 

i/GZ 

and 



(1 + | M |) 40 (1 + \n k+ ^\f a \\P k+ ^mP k R{D)[m'w) - P k R(D){mm'w)]\\ 2 Ns 



k + fj. 



< CQl + M)- 40 (l + l^+.l) 2 ^ 1 ^ 2 - 1 ln 2 (2 + \n k+v \)\\Pk+uw\\% k+v . 

i/GZ 

(9.2) 
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Proof of Lemma [9J\ We decompose w — X^ez Pk+vW and define the function 
We calculate 

T[P k+ ^[mP k R{D)(m' ' P k+V w) - P k R(D)(mm' P k+l ,w)}]{^ t) 
=C X k+n(0 I F(m)(Zi,T 1 )F(m'P k+u w)(Z - &,r- n)[q(0 - q(£ - 6)] dfrdn 

Jlxl 

=C f F(P k +uw)(Z-b,T-T 2 )-K(b,T 2 ,0dbdT 2 

JrxR 

where H denotes the Heaviside-function and 

*T(6,t 2 ,0= f F(m)(ZuTi)F(m')(&-b,T 2 -n) 

JRxR 

■[9(0-«K-Ci)]Xfc+/»(0deidn; (9-3) 

and 

JRxR 

• 9 7 [(g( 7 ) - 9(7 - ei))Xfe+^(7)] dfrdri. (9.4) 
Case 1: k + fi ^ 0. By definition of the norms it follows for e S {0, —1} 

||(r - + iYT[P k+ ^mP k R(D){m'P k+l/ w) - P k R(D)(mm> ' P k+V w)]]\\z k+ , 

<C f n(7)d 7 , 

where 

n( 7 ):= ( T -uj(0 + i) £ [ F{Pk+uw){£ - £ 2 ,t- t 2 ) ■ K'(£ 2 ,t 2 ,j) d£ 2 dr 2 

JR2 Zfc + H 

For 7 € fixed it is easy to see that 

T-^K'i., ., 7 )) = Cm' ■ T- 1 [F(m)fa, n) • 9 7 [(g( 7 ) - g( 7 - ^OWCt)]] 
is a restricted admissible factor and 

\\T-\K\., ,7))IU foo < C(l + | M |)- 40 (1 + \n k+ ,\r + ^-\ 

The bounds (|9.1[) and (|9.2p follow from estimate l|7.7p in the case |fc + z/| > 1 and 
from (|7.8p in the case k + v = 0, combined with the Cauchy-Schwarz inequality. 
Recall that the integration in 7 is over an interval of length « (1 + \n k j rp \) l l' 1 . 

Case 2: k + /i = and \k\ > 2. We use the following decomposition: For any 
k' E Z define 

TOfe' = J 7 " 1 [^'^(m)] 
and set m<fe< = X)fe"<fe' m k" , m>k' — J2 k "> k ' m k" ■ If m satisfies (|7.ip we obtain 

||m >fe ,|| s ? 00 <C2- fe '(l + 2 fe ')- 80 . 

We have 

P fe+/J [mP fc i?(-D)(m'P fc+ ^) - P k R{D){mm' P k+V w)] 
=P [m >k ,P k R{D){m'P k+u w)\ 



(9.5) 
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for k' = log 2 (K|) - 10. We apply (1771) 

\\(T-Lo(0+tYTPo[m >k ,P k R(D)(m'P k+ ,w)}}(^r)\\ Za 
<C(l + |fc|)- 50 (l + |n fc |)- 80 || Xfc (0(r-^)+ i )^(m'P fc+ ^)(r,e)b fc . ^ 
If |z/| > 2 we repeat the same argument with ml : 

Xk(0(r - w(0 + iYT{m'P k+u w){T, £) - Xk (C)(r + + iy^{m' >k ,P k+v w)(r, £). 

with k' = log 2 (l + \n>i/\) — 10, and we apply (|7.7| if fc 4- ^ =^ and (|7.8|) otherwise. 
If I H < 1 we can afford to use the crude bound 



\ Xk (0(r - + z)^(m'P fc+ ^)(r,0H 



< C(l + Kr +1 )|| Xfe+ ,(0(T - w(0 + i) e ^(r,0llz fc+ „, 

which is straightforward, compare (|7.6|) and its proof for the high modulation case. 
In conjunction with (|9.6| this finishes the discussion of Case 2. 
Case 3: k + \i = and |fc| < 1. 

Subcase 3a: \v\ > 3. Define z/ = log 2 (l 4- — 10- It suffices to consider 
||Xo(0(t - w(0 + i) £ ^[mi?(P)P fe [m' >ly ,P fc+lyW ] - P(P)P fc [[mm']>^P fc+I , W ]||2 . 
We apply the triangle inequality and obtain the estimate 

IIXo(0(t - w(0 + z) e ^[mP(P)P fc [m' >l/ ,P fe+ ^]]|| Zo 
<C||Xk(0(r " w(0 + imm'^Pfc+HIk 
for the first contribution by applying (|7.6p . Due to 

||m>^|| S?00 <C(l + K|)- 80 
we can now apply (|7.7| to conclude further 

||Xfc(0(r ~ w(0 + O^K^Pfe+^HHz, 

< C(l + |H)~ 60 (i + K\)- 60 \\ X k + A0(r - w(0 + O^k*,,, 

which is sufficient. For the second contribution we directly use the estimate (I7.7[) 
and obtain 

\\Xo(0(T-u(0+iynR(D)Pkl[mm'} v/ P k+v w}\\z 

< c(i + |H)~ 60 (i + K\r 6Q \\x k+ ,(0(r w(0 + i) 6 -FHk + „, 

because 

IIW^H^^Ca + KI)- 80 . 

Subcase 3b: \v\ < 2. The only issue here is the structure low frequency com- 
ponent Zq of the norms. We decompose m = m<_io + to>_io and m'P k +^w = 
[ml 'P k +vw]<-2o + [m'P v w] > ^20- 

Contribution i): m<-io and [m'P k + u w] <-20- I n the case where cri = 02 = we 
have 

m<- W R{D)P k [ml P k+v w]<^o - R{D)P k m<- W [m! 'P fe+I/ ty]<_ 2 o = 0, 
and if cti = 1, <7 2 = we obtain 

m<_ w R(D)P k [m'P k+u w]<_20 - R{D)P k m<_ 10 [m' ' P k+v w\<_ 2 Q 
= - (d a m<_ 10 )Pfc[m'P fc+i/ w]<_2o, 
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hence we can assume k = and the presence of P k is redundant. In this case, we 
decompose 

m' = m'<_ 30 + m' > _ 30 , P k+l ,w = Pfc +I ,w<_ 3 o + P fe+I ,w>_3 . 
For the first contribution (m' < 30 and Pfc + „u;<_3o) we obtain the bound 



||(9 a; m<_io)m'<_3 [P fc+ly 'u;]<_3o||zo < C\\P k+v w\\^ 



by using \\d x m<~io ■m' < _ 30 \\ S 2 < 1 and (|7.8[) . For the second contribution (ti>_3o 
and Pk+ V w) we obtain the bound 

\\(d x m<-io)Pk[m' > _ 30 Pk+ v w]<-2o\\z < C \\ p k+vM\z k+ „ 

where we successively use (|7.7|) or ()7.8|) as well as 

||9xTO<_io|| S 2 00 < 1, ||rn>-3oll,S? 00 < 1. 

Concerning the third contribution (m' < _ 3Q and [Pfc+j,u>]>_3o) we successively 
apply (|7.8|) and (|7.6|) and we observe that ||[Pfc + „w]>_3o||z < C\\P k+y w\\z - 
If o\ + <T2 > 1 we apply the triangle inequality and use (|7.6|) for the first term 



||Xo(0(t - w(0 + z) £ ^[m<_ 10 P(^)P fc [m'P fe+I , W ]<_ 20 ]b 

< C\\ X0 {O(t - w(0 + i) £ ^[P(i?)[m'P fc+ ^]<_ 20 || Zo 

oo 

< C^2^2( 1 ^h J (r)^[m'P fe+ ^]|| L?5 , 

We decompose in modulation and use Planchcrcl (similarly to Step 1 in the proof 
of Proposition [73} to obtain the estimate 

oo 

Y^^ {1 - syj hj{r)n^Pk + M\\L^ 

(9-8) 

<C J2 2^- 5 ^ \\x k+ AOVn (t)Fw(t,0\\lI ( , 

31=0 

where we exploit that m! € S^ , which is sufficient. Concerning the second term 
\\Xo(0(r-u J (0+iy^[R(D)P k m<^ la [m , P k+u w}<- 2a }\\z (> 

OO 

<C^2«2( 1 -^||7 7j (r)xo(e)^<-ioKP fc+ , W ]<-2o||L 2 
j=o 

oo 

< C £ 2^ £ 2( 1 -^||x fe+ ,(0% 1 (T)^(r,OL ?5 , 

ji=0 

as in (|9.8[) . using m<_i , m! <E S^ . 

Contribution ii): to>_io and [m! P k+iy w]<-20- We apply the triangle inequality. 
Note that || m>_io I! sj oQ < 1 and there is only a contribution from the first term if 
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k = 0. Note that for |£| < 2 20 the term vanishes. We obtain the bound 
\\ X o(0(t - «(0 + iYT[m > ^ w R{D)P k [m l P k+ ,w]<^]\\z 

CO 

<C^2^2( 1 -^|| X o(0%M^[™>-ioi?P)KF fc+ ^]<-2o||L^ 

3=0 

CO 

31=0 

by applying (|9.8[) twice. The second term can be treated similarly. 

Contribution hi): m and [mf Pk+vw\>-20- Again, we apply the triangle inequal- 
ity. For the first term we apply l|7.6p and use the definition of the spaces 

\\Xo(0(r-^(0+iy^[mR(D)P k [m'P k+ ,w} > _ 20 ]\\ Zo 

< C||xfc(0(T - w(0 + i) e J r {R{D)m'P k+v w]>-2o\\z h 

CO 

<CJ2 2 ie 2 {1 - 5)j \\Xk (OVj {T)F[m'P k+v w]\\Ll £ , 

3=0 

and apply (|9.8[) . Concerning the second term we apply (|7.6[) to obtain 

\\ X o(0(r - + i) £ ^[P fe i?(i?)[TO[m'P fc+ ^] > _ 20 ]]|| Zo 

< C J] (1 + |fc'ir 2 °IIXfc'(£)(T - w(0 + iyF[m'P k+ M>-2o\\\z k , 

< CY,2 je 2 {1 - S Hm{rmm'P k+v w]\\Ll 5 

3=0 

The claim follows from (|9lS]) . □ 
Additionally, we will need a higher order commutator estimates. Let us define 
[D a d x -m'] {i) w 

:=D a d x {m'w) - m'D a d x w - (a + lj^fm')^ + Hi^tlla^m')^"" 2 ^^. 

Lemma 9.2. Let cr G [0,2]. Assume that R(D) = d x D a for 1 < a < 2. Assume 
further that m, m' e S^, \\m\\s°s, + ||m'||sss, < !■ Tften, for any k,fx€Z, k^ 0, 



(f + |/i|) 40 (l + \n k+fl \) 2 °\\P k+fl [mP k [D a d x ;m'] 
<C{\\d x m\\l 2 +\\d x m'\\l 2 ) 



(S) W \\\N h+ll 



(9.9) 

• £(1 + M)- 40 (l + K + «,|) 2CT+2Q - 3 m 2 (2 + |n fc+ ,|)||P fe+ ^||| fe+j/ . 

Proof of Lemma WM. We decompose u> = 5Z„ eZ where w fc,^ = Pk+uW. 
Case 1: 1 < |fc| < 10. We apply ()7.6|) in order to obtain 

(1 + \^nP k+ ^[mP k [D a d x ;m'] (3} w k , v }\\ Nk ^ < C\\P k [D a d x] m'] {S) w k>v \\ Nh , 
Further, since k ^ and 

Here - K - ar(c - eoi < ci&Kier + k - an 
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we have 

\\P k [D a d x {m'w ki „) - m'D a d x w k , v ]\\ Nk 
<C(1 + \n k+v \r\\ X k(0(r - w(0 + iY\Fd x m'\ * \Fw k , u \\\ Zk 



<C{l + \u\)-^\\d x m% sl \\w k , v \U 



where in the last step we have used (|7.8|) in case k + v = and (17. 7|) otherwise. For 
the other two terms we have 

II^CttiO^^^IIjv.+II^^')^"" 2 ^^-^!!^ < c(i +I ,)- 40 ||^7^'|i sioo || w& ^|!^ fc+ ^ 

by (|7.8|) in case fc + f = and (|7.7p otherwise. 

Case 2: fc + /i = and |fc| > 10. In this case we may replace m by m>o and 
use (|7.7p to obtain the upper bound 

||P fe+/1 [mP fc m'] 

<C(l + |fc|)- 80 ||m>o||^ Bo ||fl k [l> a a e ;m'] ( 3 ) t« fc , v ||^, 

and observe that ||m>o||s2 5o < CH^mH^ . We apply the triangle inequality and 
bound each term individually, using Proposition 17. II 

Case 3: k + /i ^ 0, k + v = and \k\ > 10. In this case we may replace m! by 
m' >0 . We use the crude bound (similar to (|9.7[) ) 

(1 + H) 40 ||P fc+Al [rnP fc [D a d x ; m'] (3) w k , u \\% k+ii 
<C(1 + \n k \) a+1 \\P k [D a d x ;m'> ] (3) w k ,„\\ 2 Nh . 

We apply the triangle inequality and use H^Ti^g || S 2 < C\\d x m'\\ S 2 and to 
bound each of the four terms individually. We obtain 

\\P k [D a d xV m'> ] (3) w k , v \\ 2 Nk < C||^m'||| |Qo (l+ \v\)- S0 \\w K „\\% k+i/ 

Case 4: k + /i ^ and k + v ^ and |fc| > 10. For the smoothed out (at 
£ = 0) symbol <?(£) = i£|£| Q (l - ??o)(2 10 £) we calculate 

<z(£ - 6) - - 6) - - 6X6 - 6) - h" (C - 6X6 - 6) 2 
=(6-6) 3 A£-6,6-6), 

where 

/(£ - 6,6 - 6) := I' «"'(€ - 6 + *(6 - ix))^-^ds. 

We obtain 

,P[P fc+Al [mP fe ; m'] (3) «;*,„]& r) =C Xfe+M (0 

/ f/ l W ^H(e-6,T-T 2 )H(£-e2-7)-^(6,T2,7)^2dT 2 ld7, 

where H denotes the Heavisidc-function and 



*T(6,t 2 ,7)= / 



^(m)(ei,n)^(^ m ')te - 6,r 2 - n) 

|>M-2 2 ° 

• 9 7 [xfc(7 + 6 - (7)^(7:6 - 6)] t^irfn. 
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For fixed 7 G h+u the function T 1 K(- 7 •, 7) is a restricted admissible factor satis- 
fying 

\\F-\K\; .,7))lls? GG < C||^m'|| sioo (l + |n fe |r- 2 (l + M)- 40 (l + ImI)" 40 - 
We have 
\\P k+ ,[[D a d x ;m'} (3) }\\ Nk ^ 



<c 



r k 4 



T-u(£)+i 



JR 2 



Finally, we apply (|T. T[) to the integrand for fixed 7 and use the fact |/fe+i/| < 
C\n k+U \h. □ 

Moreover, we will need a more specific commutator type estimate which makes 
use of the bilinear estimates from Sectionj6] Let us define an extension of the 
low frequency part of the initial data (j>\ ow (x,t) :— rjo{t/A)4>\sm{x). Recall that 
H^iowlU 2 < Ce . 

Lemma 9.3. Assume that m,m' £ ||m||s°° + H^i'lls 00 < 1- Then, for any 

a e [0, 2] and k e Z \ {0}, fi € Z, 



(1 + |/i|) 40 (l + \n k+ ^\) 2a \\P k+ ^m[P k (<l> low d x (m'w) - <f> low P k d x (m'w)}}\\ 2 Nk ^ 
< Cel ■ ]T(1 + \n k+u \) 2 °\\P k+u w\\ 2 Fh+v - 

(9.10) 

Proof of Lemma [97B . We decompose m'w = J^u'ei, P k + V ' (m'w) and there are non- 
trivial contributions only if \v'\ < 5. It suffices to consider the case where k +fi ^ 
and \k\ > 10 because otherwise the estimate follows from (|7.7|) and (|7.8|) . We re- 
place m with m>k> for k' — log 2 (l + |n^|) — 10 in case > 10. We compute the 
Fourier transform 

^[P k+tl [m[P k ((j}i OVJ d x P k+l// (m w)) - 4> lov ,P k d x Pk + u>(m'w)]]((;,T) 



where H denotes the Heaviside-function, I(£,t, 7) is defined as 

/(&T,7):= / ^(m' W )(e-6,T-r 2 )H(e-6-7)^(6,r 2 ,7)d6rfr 2 



and 



(6 , r 2 , 7) = /" JT(m) , n ) (& - 6 , r 2 - n ) 
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It follows 

^2 \\F[Pk+»[™>{Pk(<t>iowdxPk+v>{m'w)) - <f> lovr P k d x P k+l/ >(m'w)]](£,T)\\z k 



\u>\<5 



|y'|<5 Jfc + " 

<C sup 

K|<5 L Ji k+v 



<C E / ||xfe + Mm^KHM(-,-,7)](r,0 
[ / XH,(fWNm'M( v ,7)](r,{) 
Xfc+p(0-? 7 [«'fl*("» / )M(. > . > 7)](r,0 



Py 



Py 



Let denote either m'M(-,-,7) or d x (m')M(; •, 7). For 7 G and < 5 

one can show that 

\\x kl ^\\ Zhi < Ce (l + Kir^l + |fci|)- 60 (l + |/,|)- 60 

if ki 0, and 



Uxo^lU^CeoCl+KD-Hl + lMl)" 



(in 



We decompose «; = X^ez Pk+vW and apply Lemmas 16.1116.31 and obtain for // G Z, 
/i + fc ^ and er' G {0,1}: 

<C £o (l + |M- H)" 60 (l + ImI)" 6 °(1 + In^DVa-^i + \n k \)- l \\P k+v w\\F h+u 

Note that llfc+w'l < C\n k+U i\^ |nfe|^ for < 5. The claim follows by summing 
up with respect to v and Cauchy-Schwarz. □ 

10. Proof of Proposition 14.31 

The properties in Part (a) are standard, cf. [T^l Lemma 4.2] and its proof. We 
will only show the a priori estimate (|4. 16[) because the estimate (|4.17[) for differences 
is very similar (recall that 4>\ ow = 4>[ ow ). 

We need to estimate the following expressions, see Q3.9P and (|3 . 14[) . 

Ro = -PcAOfrow ' v) - P d x (v 2 /2) - D a d x P {<kov,) ~ P ^« w /2), (10.1) 



and for k £ Z \ {0} 



Hk—K k +K k +H k + H k +K k , 



where 



R)y := 



(2) 



P 

Pl 5) := - 



(10.2) 
(10.3) 



e~ ia ^ P k d x {v 2 /2) 
<how[dxVk - D a v k ■ (in k \n k \~ a )]] 
[e- ia »*D a d x (e ia **v k ) ~ D a 8 x (v k ) - (a + l)D a v k ■ (ia k V)] (10.4) 
e- ia ^[P k {^ ow ■ d x v) - </> low • d x {P k v)\ (10.5) 
{ia k ct>l w ■ v k + e~ la ^P k (v • d x fa ow )]. (10.6) 
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We fix extensions v k of the functions v k such that ||wfe|| F <T' < C||^/!|If<*'(t')> 
a' G {0, cr}, and supp cljX [—4, 4]. For any interval [a, b] CR let 

P [aM= E P ^ 
k£Zn[a,b] 

By (|3.16p and the commutator estimate (|9.ip the function 

v k =e-^P [k _ hk+1] (e^ k ) 
is another extension of v k with the properties, supported in W x x [—4, 4] and verifying 
II^IIf-' < C\\vk\\ F a> (t ,s, ct = {0, a'}, 

(10 7) 

v k = e - ia ^P [k _ 2ik+2] (e ia ^v k ). 

We define 

y = Y^e ia ^v k , (10.8) 

feez 

We look at each of the contributions (|10.1[) - (|10.6[) separately. 
Contribution of (|10. 1|) : Recall the definition (f>i ow (x,t) = 0i O w (^)?7o (*/4) . We 
define the extension 

Ro = -Po^fc • v) - P d x (tf/2) - D a d x P (^ w ) - P ^fc 2 /2), 
Obviously, it holds 

\\P [D a d x <f> lav , + d x (f> low 2 /2}\\ N * 

2 

< C 2 ~ k ' [\\Vk'nD a d x ^ w ]\\ Ll T + ||^[P(A0io W ]|U| J 

k' — — oo 

< C*(||01ow||l 2 + Il01ow|||2). 

To estimate the contribution from the first two terms, we estimate 
||-P(AOiow -v) + Pod x (v 2 /2)\\ N < r 

2 

<c ^ [IIw^iow-^IUi^ + IIw^IUiJ 

k' — — oo 

< Ce \\v\\ LrLl +C\\v\\\ rLl 

< ce [E INI!.-/*] 1/2 + ^E IHIW 

fcez fcez 
Using (|4.10p . the two estimates above imply 

Poll^ < C|Ml2n> + ||^|| p0 (^ + E H«kllpo)- (10-9) 

fcez fcez 

Contribution of ([HQ]) : We define 



R {i) = _ e -^p kdx{ ~2 /2) _ 
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This is an extension of . An application of the commutator estimate (19. 2|) yields 

E II4 1} IIn- <c^ + W\? a \\dMe- ia ^{^)f Nh 

fcez\{o} fcez 



(10.10) 



+cE(i + KI) 2CT Rp fe p 2 ]|' 2 

fcez 

For fc', 1/ € Z we define w k i y — Py^h'+u' > so 

k'.i/'ez 

Using Lemma 18.11 (we ignore the S/A gains) and this identity, the right-hand side 
of (jlO.lOp is dominated by 

c E (i + W) a (i + N) a (E Ki^llnJCE^ + KD^I^IIk) 

For < 10 fixed and cr' S {0, cr} we estimate simply 

Ea + W) 2ff Wlll fc - E(! + i^-i) 2<7 'll^-^nk-, < E INI^- 

fcez fcez fcez 

For \v\ > 11 and cr' € {0, cr} we estimate, using (| 10 . 7[) and Lemma 

Ea + KI^Wlll* 

fcez 

= E(1 + |^-,|) 2CT 1|P^[e-^*P [fc _ 2 , fc+2] (e^*« fe )]||^_^ 
fcez 

<c(i + ih)- 40 EII^Hf- 

fcez 

Therefore 

E P^IIn^cCEi^IIfOCEII^IIfO- a - 11 ) 

fcez\{o} fcez fcez 

Contribution of (|10.3|) : We define the extension 

•^fc 2) : = -0iow[<y>*i - -D"^ • (wfci«fcr Q )] 

where we set 0i ow (a;,i:) := f7o(£/4)0iow(^)- We note that for small <5 > 

ll^iowllsfso + ll^iowllx* < Ceo- 

We define 

u k := D k v k where D k := d x - (mfc|n fe | _Q ) • D a 
and we decompose 

Uk = E ^fc." wnere "fc,f = -P^Mfc. 
i>ez 

Now, by definition 

E ii£* 2) Hn*< E E( 1+ Ki) 2a ( E ii^fc^iik 

fcez\{o} fcez\{o}fciez \>-fci|<5 
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If | < 10 the estimates (|7J| and (fT78|) imply that 

E \\ P ki['h.aw^k,u]\\N hl < C£q E \\Uk,v\\F„ < Ce \\v k \\ F « 

\u— fei |<5 |k|<15 

If \k\ \ > 10 we use estimates (I6.7[) and (|6.8[) to obtain 

|^ — /ei|<5 |y — /c 1 1 < 5 



The symbol of P v D k 



//Mi) := \„i;i ( ^-^j^ 



satisfies | m(£) | < (7%^ (£) (1 + | fc — ^ | ) 2q ( 1 + | n„ | ) 2 by definition of the sequence n k , 
see p.3j) . Therefore we conclude that 

feez\{o} feezfoez 
and we use f|10.T[) and the commutator estimate ()9.ip to obtain 

E II^ 2) Hn" <^Eh^IIf- (10.12) 

feez\{o} fcez 
Contribution of (|10.4|) : As above, we define an extension 

j?(3) := -[ e -^ D a d x (e ia ^v k ) - D a 8 x (v k ) - (a + l)D a v k ■ (ia k *')} 

for k 7^ 0. We use the property (|10.T|) and apply the commutator estimate (|9.9|) to 
obtain 

<C4|a A | 2 E(l + \n k+v \? a+2a - b/2 {l + \v\)-*°\\P k+u v k \\% k+ „ 

+ C\\e- ia ^d 2 x {e la ^)D a - 2 d x v k \\ 2 ^. 

Since |afc| = |nj.| 1_Q , the first term is bounded by 1 1 ^fc 1 1 n ct - Concerning the second 
term, we note that the restriction of e~ lafc *<9 2 (e Wfc ' 1 ') to the time interval [—4,4] is 
a restricted admissible factor with norm less than Ceo|afc| and estimate (|7.7p yields 

\\P [k -2,k + 2][e- iak *dl{e ia ^)D a - 2 d x v k \U« < Ce \\v k \\^. 

if |fc| < 5, and for \k\ > 5 Lemma IQl implies that 

E (1 + |n fc+ J) 2CT ||P fc+Al [e-^*^( e ^*)^- 2 ^ fe ]||^ +ti < C £o |N|f- 

ImI<2 

In conclusion, we obtain 

E II^Hn- <Ce 2 J2\\vk\\ 2 F «. (10.13) 

fcez\{o} fcez 

Contribution of (|10.5p : As above, we define the extension 

Rf := -e- la ^[P k {^ ■ d x v) - low • d x {P k v% 
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see (|10.8j) . Using (|10.7|) and Lemma 19731 we obtain 

\\R { k ] \\^ < E ll^ Wfc *[A : (^^(e Mfc 1 *^0)- ( /» low ^(F fc (e Mfc 1 *iJ fel ))]|| N o 



k 1 ez 

| It!— fc|<6 



<Ce E \\Vki\W'- 



k r ex 

\k x -fc|<5 



Summing up with respect to k yields 

E II^IIn^c^EII^IIS- ( 10 - 14 ) 

fcez\{o} fcez 
Contribution of (|10.6[) : We define the extension 

R [ k ] ~ -K0i^ 2 • v k + e- la ^P k {v ■ d x ^ w )]. 
Estimates (|777j) and (fTTgjl imply that 

2 ~ 2 ~ 

Concerning the second term we use (|10.7I) and (|9.2p and obtain 
\\e- ia i°*P k {v -5^)11^ 

< e n^ Wfc *^fe -e ia ^*^^;)ii NCT 

fciez 

|fej -fc|<5 

<C E SU P ll«fci • e^'^ds&owIlN* 

fcl ez o*,*ie[-4,4] 

*l<s 

It follows from ([777]) and (JEE) that 

sup \\Po\vkx ■ e. ia "' k ^ d x cj> lovr ]\\^ < Ce \\v kl \\w. 

o fc , fcl e[-4,4] 

Moreover, we have the trivial bound 

sup \\(I-P )[v kl ■ e ia "'' k i iSf d x (t>i aw }\\ N cr 

»*,*>! e[-4,4] 

< C sup ||u fel • e Mfc ' fc i*^<?!)i ow ||L~//- < C'Eo\\v kl \\ F *. 

o fc)fcl €[-4,4] 

By summing up with respect to we conclude 

E II4 5) IIn^<^oEII^Hf- ( 10 - 15 ) 

fcez\{o} fcez 

In summary the estimate (|47ll)|) now follows from QlO.lip . (|10.12|) . (|10.13|) . 
mn33> and fittty and (fTOJ)) . 
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